The Knowledge Engineering Review, Vol 6:3, 1991, 151-194
Constraint logic programming

PASCAL VAN HENTENRYCK
Brown University, Box 1910, Providence, RI 02912, USA

Abstract

Constraint logic programming (CLP) is a generalization of logic programming (LP) where
unification, the basic operation of LP languages, is replaced by constraint handling in a constraint
system. The resulting languages combine the advantages of LP (declarative semantics, nondeter-
minism, relational form) with the efficiency of constraint-solving algorithms. For some classes of
combinatorial search problems, they shorten the development time significantly while preserving
most of the efficiency of imperative languages.

This paper surveys this new class of programming languages from their underlying theory, to
their constraint systems, and to their applications to combinatorial problems.

1 Introduction

Combinatorial problems are ubiquitous in computer science. They appear in areas as diverse as
operations research (e.g., scheduling), hardware design (e.g., circuit verification), biology (e.g.,
DNA sequencing), finance (e.g., option trading), and software design (e.g., simulation and testing
of protocols), to name a few. Many of these problems are of high complexity (N®-complete or
worse), which means that there is no efficient algorithm for solving them. Much research, however,
has been spent on designing algorithms to tackle these problems, and one of the interesting
outcomes has been the development of constraint-solving algorithms for various classes of
problems.

Logic programming (Colmerauer et al., 1973; Kowalski, 1974), on the other hand, is an
appealing language to state combinatorial search problems thanks to its relational form and its
nondeterminism. The relational form makes it convenient for stating constraints, while the
nondeterminism precludes the need for programming a search procedure. Hence it is not surprising
that problems such as the 8-queens are part of the folklore of logic programming. Unfortunately,
logic programming languages can also be very inefficient when presented with a natural formu-
lation of combinatorial search problems. The main reason comes from the passive use of
constraints which only test potential values instead of pruning the search space in an active manner
(Gallaire, 1985). As a consequence, logic programming languages (e.g., Prolog) often lead to
“generate and test” or “standard backtracking” approaches which exhibit a pathological behaviour
known as thrashing (Mackworth, 1977). Much research has been devoted in the logic programming
community to improve the computational model of Prolog by introducing, for instance, intelligent
backtracking, coroutining and meta-level reasoning. These extensions, while important, are not
sufficient to achieve a reasonable efficiency for combinatorial search programs.

Constraint Logic Programming (CLP) (Colmerauer, 1987; Jaffar & Lassez, 1987) can be viewed
as a radically different solution to the above problem. Instead of improving the computational
model of Prolog, CLP generalizes its basic operation, i.e., unification (a two-way pattern-matching
operation), and replaces it by constraint solving over some computation domain (e.g., the integers
or the reals). A CLP program is still a set of clauses, but each clause may now contain constraints in
its body. At each derivation step, instead of unifying two atoms, the computation checks the
satisfiability of a set of constraints. CLP is not a unique language, but rather it defines a class of
languages. An instance of the class can be obtained by considering a specific constraint system (or
computation domain). More precisely, defining a CLP language amounts to selecting a compu-
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tation domain (i.e., a set of allowed constraints and their associated semantics), and to providing a
constraint solver for these constraints. Various CLP languages, such as CHIP (Dincbas et al., 1988;
Van Hentenryck, 1989b), CLP(R) (Jaffar et al., 1990), Prolog III (Colmerauer, 1990), have been
defined in recent years, including computation domains such as integers, reals, rationals, and
Booleans, to name a few.

From a theoretical standpoint, the move from unification to constraint solving is natural, as
unification can be regarded as a simple form of constraint solving (solving equations among first-
order terms). Moreover, it turns out that the main theoretical results on the semantics of logic
programming carry over naturally to CLP, as shown in the seminal paper of Jaffar & Lassez (1987).

From a practical standpoint, the move to constraint logic programming substantially increases
the applicability of logic programming. By providing efficient constraint-solving methods from
algebra, artificial intelligence, operations research and logic, CLP languages support, in a
declarative way, computational paradigms such as partial enumeration, constraint satisfaction and
branch and bound. The resulting languages combine the advantages of logic programming
(declarative semantics, relational form, nondeterminism) with the efficiency of special-purpose
algorithms. New application areas, including various classes of combinatorial search problems, can
now be tackled by these languages, providing a short development time and a competitive
efficiency. Especially attractive is the combination of constraint solving and nondeterminism.

The purpose of this paper is to survey this new class of programming languages from their
underlying foundations to their constraint solvers and applications. We do not try to provide an
historical account on the development of CLP (see Cohen, 1990; Jaffar & Lassez, 1987). Rather,
we try to convey the basic ideas behind CLP to a wide audience.

The rest of the paper is organized in the following way. Section 2 presents a simple CLP program
and studies its behaviour. The purpose of the example is to give the reader an informal
understanding of the computation model of CLP. It is a small problem and the reader should not
conclude that CLP is restricted to the solving of small problems. Industrial applications will be
considered subsequently in the paper. Section 3 reviews the foundations of CLP, i.e., the
declarative and operational semantics of this class of languages. The presentation has been kept as
simple as possible, often at a loss of mathematical rigor. However, the basic idea should be
accessible to a large audience with little or no effort. Section 4 presents a generalization of the CLP
framework: ask and tell languages. This class originated from the work of Maher (1987) on ALPS,
and of Saraswat (1989) on the cc framework. It generalizes the work on coroutining and introduces
a new basic operation: constraint entailment. Section 5 studies various computation domains that
we consider successful in the solving of industrial problems. Section 6 discusses a number of
significant applications, including formal verification of digital circuits (Simonis et al., 1988), car-
sequencing (Dincbas et al., 1988c), and simulation of hybrid circuits (Graf et al., 1990). Section 7
contains a description of some other important areas of CLP, not covered in the paper, and
directions for further readings.

There are various ways of reading the paper depending on the interest of the reader. Readers
interested in applications should read sections 2 and 3 and go directly to section 6. Parts of section 4
are necessary for section 6, but can be read in a lazy manner. Readers interested in CLP techniques
in general should read sections 3 and 4. Those interested in the constraint systems should read
section 5. Readers familiar with CLP may scan the first three sections and devote more time to the
remaining sections. Readers not familiar with CLP and the logic programming literature may skip
in a first reading the more technical parts. Those parts are always preceded by an informal
presentation that should enable them to read the paper without loss of continuity.

2 A motivating example

As an introductory example, we present a CLP program solving the “send + more = money”
puzzle. The problem amounts to finding an assignment of different digits to the letters s, e, n, d, m,
o, 1, y such that the addition
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send
+ more
money

holds. Figure 1 depicts a CLP program over finite domains solving the problem (Van Hentenryck,
1989b).
As the reader can notice, a CLP clause is an expression of the form

H(—Cl,.. .,CmOBl,...,Bn

where H, By, . . ., B,areatoms and c,, . . ., ¢,, are constraints. The symbol  is used in the body of
the clause to separate the constraint part from the goals and can be read as “and” in a similar way as

{34
3

The program illustrates a methodology common to many CLP programs: first state the
constraints, then make choices (if necessary).

Stating the constraints is a simple matter: first the domain constraints specifying the possible
range of variables; second the disequations expressing that all variables must be distinct and that §
and M must be different from 0; finally, the equation specifying the addition constraint. The
domain constraints are generated by Procedure state_domains which is a simple recursive
procedure adding a constraint on each variable. The disequations are generated by the recursive
procedure alldifferent which generates a disequation between each two variables. Finally,
individual constraints are used to state that § and M must be distinct from 0 and to express the

sendmory([S,E,N,D,M,0,R,Y

1)«
state_domains([S,E,N,D,M,0,R,Y]),
state_constraints([S,E,N,D,M,0,R,Y]),
generate_values([S,E,N,D,M,0,R,Y]).

state_domains([]).

state_domains([F|T]) «
Fe0..9O
state_domains(T).

state_constraints([S,E,N,D,M,0,R,Y]) «
S#0,
M#0,
1000 XS+ 100XE+10XN+D+
1000 XM+ 100X0+10XR+E=
10000 XM+ 1000 X0+ 100X N+10XE+YO
alldifferent([S,E,N,D,M,0,R,Y]).

alldifferent([]).

alldifferent([F|T])e—
outof(F,T),
alldifferent(T).

outof (X, [1).

outof (X, [F|T] «
X#AFO
outof(X,T).

generate_values([]).

generate_values( [F|T]) «
member(X, [1,2,3,4,5,6,7,8]1),
generate_values(T).

member(X, (X[Y]).
member (X, (F|T]) «
member(X,T).

Figure1 “send + more = money”
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Figure 2 The initial search space

addition constraint. The addition constraint multiplies the individual digits by the power of 10
corresponding to their positions.

Generating values is achieved in the traditional style of logic programming by Procedure
generate_values. A recursive procedure is used that generates a value to each of the digits.
This procedure is nondeterministic (the only nondeterministic procedure used in the above
program) and may potentially generate all combinations of values for the digits. The potential
search space is 10® but, as we will see in a moment, a fraction of that search space will be explored
thanks to the use of constraints.

Indeed, consider the behaviour of the program. After execution of predicate state_
domains, all variables are restricted to take only values between 0 and 9. The search space is
depicted in Figure 2. A blank space denotes a possible value, a “—” an inconsistent value, and a
“+” an assigned value.

The next step of the computation amounts to introducing the two disequations and the
equations. The two disequations prevent S and M from being assigned to 0. The equation in
conjunction with the domains enables the system to deduce that M must be smaller than 2 (and
hence must be equal to 1 since it cannot be assigned to 0), and similarly that § must be equal to 9.
The reason is as follows. The equation can be rewritten as

10008 + 91E + 10R + D = 9000M + 9000 + 90N + Y.

M cannot be greater than 1 since the left-hand side of the equation will never be able to reach
18000. Also, for the left-hand side to be greater or equal to 9000, it is necessary that S be greater
than 8 since the maximal value of

91E+ 10R+ D

is obviously smaller than 1000. The search space is now depicted in Figure 3. Note also the possible
values for variable O. O cannot be given a value greater than 1 without violating the equation.

[«2]
<]
(o |
©

[ [of+]2]3]¢]s]

-l-1-1-1=-1-1-1-1-1+%

B|O|(Z|jolZ2|m|w

<

Figure 3 The search space after the equation
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Figure 4 The search space after the disequations

Now the system generates the remaining disequations. After this processing step, the search
space is depicted in Figure 4. Let us explain briefly why. Since all variables must be different, it is
clear that the variables E, R, D, O, N, Y cannot be equal to either 9 or 1. Variable O has only one
possible value 0, and the equation at this point reduces to

91E+10R+ D=90N+Y.

The system deduces that N must be greater than 3, since the left member is at least greater than 204
(only accounting for the domains). Pursuing similar reasoning entails that N must be greater than
or equal to 3 and leads to the search space depicted in Figure 4.

The system then enters the generation phase and assigns first a value to E. The first non-
inconsistent value (i.€., 4) is rejected immediately. The constraints are not satisfiable since N must
then be equal to 5 and R to 8, leading to the equation

D=Y+6,

which would require D to be 8. But this is impossible, since R has been assigned to 8 already, and all
digits must be distinct. The second value leads to the unique solution depicted in Figure 5. To give
the reader an idea, the time required to find such a solution using a CLP language over finite
domains (Van Hentenryck, 1989b) is less than 20 milliseconds on a SUN-4 workstation.

The purpose of the example was to illustrate three points:

1 At each step of the computation, a CLP system tries to check the satisfiability of a set of
constraints and to reduce the search space; choices are postponed until no information can be
gained from the constraints. In the above example, before even starting the generation of values,
the search space had been reduced from 108 to 7°42,

2 Constraint solving can be naturally interleaved with nondeterminism leading to a sophisticated
search procedure; as soon as a choice is made, it is propagated through the constraints,

[ To[+[e]s[[s]e[7]s]5]
S |-1-1-1-1-1-1-1-1-1+%
E -l=-{-1-1-1+1-1-1-1-
N -l=-1-=-1=-{=-1-[+|-1-1-
D -{=-1-1-1-1-1-=-1+]1-1-
M |-1+1-]-1-1=-1-1-1-1-
O |[+]|-(-1-1=-1-1-1-1-1-
R -l-1-1=-1=-1-t=-1-1+1-
Y -{-{+(-t-t-1=-1-1-1-

Figure 5 The solution
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producing new information and possibly discovering failures. In the above example, the choice
E = 4 immediately leads to a failure when propagating the constraints. Also the choice E =5
leads to the assignment of a value to all variables.

3 The programming style remains very close to “generate & test”. The constraints are stated first
and followed, if necessary, by nondeterministic choices. Hence CLP enables to preserve the
declarative aspects of logic programming while providing the efficiency of special-purpose
constraint solvers.

In the rest of the paper, we will describe more carefully how the above computation is performed
and how constraint solving in general is carried out in CLP languages. We will also discuss
applications of these ideas to “industrial” combinatorial problems.

3 The CLP scheme

In this section we present the CLP scheme, i.e., the class of languages whose primitive operation is
constraint solving. The CLP scheme was first defined by Jaffar & Lassez (1987). Generalizations
were proposed by Maher (1987) and Saraswat (1989), among others. For the purpose of this
survey, the presentation will be necessarily informal. The reader interested in more mathematical
rigor can refer to the above references, or to the technical report version of this paper. We will first
describe the syntax of CLP programs and fix the notation used in the paper. We will then describe
the declarative and operational semantics. See Saraswat et al. (1991) for a denotational semantics
of CLP languages in terms of information systems and closure operators.

3.1 Syntax

A CLP program is a set of clauses of the form

Hec¢,...,c,;,OBy,...,B,
or
H<B,,...,B,,
where H, By, . .., B, are atoms and ¢, . . ., ¢,, are constraints.
A CLP goal is a clause without head and constraint
«B,,...,B,.
An atom is an expression of the form p(#,, .. .,t,), where ¢, .. ., ¢, are terms. A term is a

variable (e.g., X) or a function symbol of arity n applied to n terms (e.g., f(X, g(Y))). In this
paper, variables are denoted by uppercase letters, constraints by the letter c, conjunctions of
constraints by the letter o, terms by letters ¢, u, atoms by letters H, B and goals by the letter G, all of
them possibly subscripted or superscripted.

To illustrate the declarative and operational semantics, we make use of a simple CLP program,
depicted in Figure 6.

p(X,Y) «
X=2+3, ¥Ysz20
q(X,Y,2).

Q(X,Y,Z) —
r(X,Y).

q(X,Y,2) «
ZzY+23.

r(X,Y) «
XsY+23$.

Figure 6 A simple CLP program over rational numbers



Constraint logic programming 157

3.2 Declarative reading and semantics

CLP programs (and logic programs in general) can be read both declaratively and operationally.
Declaratively, a clause

H<—C1, . .,Cm<>Bl, .. -’Bn
is an implication
Histrueifc, & ... &c,,and B, & . . . & B,, are true,

where all variables are assumed to be universally quantified. A program is then simply a
conjunction of clauses.

In CLP, an answer to a goal is a conjunction of constraints. This conjunction of constraints has
the nice property that all its solutions (e.g., all assignments of values to its variables that satisfy the
constraints) are also solutions to the goal. Sometimes the result is a constraint consisting only of
assignments as in the “send + more = money” program but, in general, it can be any conjunction
of constraints. For instance, the goal < p(X, Y) when executed using our simple program (see
Figure 6) admits a unique solution

X=2Y+5.

Note that any assignment of values to X and Y satisfying the constraint (e.g., X =5& Y =0)is
also a solution to the goal. This form of symbolic solution is one of the originalities of the CLP
framework, and enables finite representation of infinitely many solutions.

In logical terms, a solution to a goal G in the context of some program P is a conjunction of
constraints o such that the universal closure of the implication (0 — G)'is true in all models of the
program that are extensions of the models of the constraint system, or in symbols

P, % E (Y)(o— G),

where € is a structure formalizing the constraint system.

3.3 Operational semantics

The operational reading of CLP programs is a generalization of the operational reading of
procedure calls in imperative languages. Operationally, a clause

H(—Cl,...,Cm<>B|,...,B,,
can be read as

“To solve H,
solve B & ... & B,
provided that ¢, & . . . ¢, are satisfied.”

A goal
«—B,,...,B,
can be read as
Solve Bi & ... & B,,.
Note that, since there may be several clauses with the same head, the computation model is

essentially nondeterministic: any atom can be solved in various ways. We now turn to the

!"The universal closure of a formula amounts to quantifying universally all its free variables.
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operational semantics itself. We first present it in an informal way and then formalize it in terms of
transition systems.

3.3.1 Informal presentation

The operational semantics is a simple (at least from a conceptual standpoint) generalization of the
semantics of logic programming. It can be described as a goal-directed derivation procedure from
the initial goal using the program clauses. A computation state is best described by

1 a goal part: the conjunction of goals that remains to be solved;
2 a constraint store: the set of constraints accumulated up to this point of the execution.

Initially the constraint store is empty and the goal part is the initial goal. In the following, we denote
the computation state by pairs (G, ), where G is the goal part and o'is the constraint store. We use ¢
to denote an empty goal part or constraint store. An example of computation state is

GX,Y,Z2),X=Z+3&Y<2Z).

A computation step (i.e., the transition from a computation state to another computation state)
amounts to

1 Selecting an atom in the goal part;

2 Finding a clause such that the clause constraints and the constraint store are satisfiable;

3 Defining the new computation state as the old one where the selected atom has been replaced by
the atoms in the body of the clause and the clause constraints have been added to the constraint
store.

For instance, given a computation state
QX,Y,Z2),X=Z+3&Y<2Z),

a computation step can be performed using clause 2 of ¢ to obtain a new computation state
(e, X=2Z+3&Y<Z&Z=Y+2)

as the resulting constraint store is satisfiable.

As should be clear, the basic operation of the language is step 2 which amounts to deciding the
satisfiability of a conjunction of constraints. Note also that each computation state has a satisfiable
constraint store. This property is exploited inside CLP languages to avoid solving the satisfiability
problem from scratch at each step. Instead, CLP languages keep a reduced (e.g., solved) form for
the constraints and transform the existing solution into a solution including the new constraints.
Hence the constraint solver is made incremental.

A computation state is terminal if

® the goal part is empty;
® no clause can be applied to the selected atom to produce a new computation state.

A computation is simply a sequence of computation steps ending in a terminal computation state
or diverging. A finite computation is successful if the final computation state has an empty goal. Itis
failed otherwise.

To illustrate computations in a CLP language consider our simple program again. The program
has only one successful computation depicted as follows:

(p(X, Y), )

) (using clause 1 of p)
GX,Y,2),X=2Z+3&Y<2Z)

) (using clause 2 of q)

(£, X=2Z+3&Y<Z&Z=Y +2).
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The program has also one failed computation:

(P(X,Y),é)

J (using clause 1 of p)
@X,Y,2),X>Z+3&Y<2Z)

! (using clause 1 of gq)

r(X,Y),X=Z+3&Y=<2Z).
The last computation state is terminal since the conjunction of constraints
Xz2Z+3&Y<Z&X=<Y+2

is not satisfiable.

A number of important remarks need to be stressed at this point. First the results of the
computation are the constraint stores of the successful computations. In general, CLP languages
try to present the constraint store in a way meaningful from the user standpoint, for instance by
making solutions (or non-solutions) explicit. In particular, when the constraint system enables
elimination of variables, the solution will be presented only in terms of the query variables. For
instance, the result of the successful computation for our simple program will be

X=Y+5,

which is the projection of the constraint store on variables X and Y.

Second, the operational semantics is sound and complete wrt the declarative semantics. In other
words, all solutions produced by the operational semantics are correct and there exists a successful
computation associated with each solution.

Finally, nothing has been said so far on the strategy used to explore the space of computations.
Most CLP languages use a computation model similar to Prolog. Atoms are selected from left to
right in the clauses, clauses are tried in textual ordering, and the search space is explored in a depth-
first manner with chronological backtracking in case of failures.? For instance, on the simple
program, a CLP language will typically use clause 1 for p, then clause 1 for g, and will finally
encounter a failure when trying to solve r. Execution will then backtrack to clause 2 of g giving the
successful computation.

3.3.2 Formalization

To describe precisely the operational semantics, we make use of a transition system (see Plotkin,
1981; Saraswat, 1989). Although this section is slightly more technical, it should be accessible to
most readers.>

Definition1 A transitionsystemis a triple (I', T, —) where I'is a set of configurations, T C I'is the
set of terminal configurations, and — C I' X T’ is the transition relation satisfying

VyeT, Vy'el, ybsy'.

The configurations of the transition system are the computation states (G, o). When the goal
part is empty, we take the convention of representing the configuration by the constraint part only.
Similarly, when the constraint part is empty, we take the convention of representing the
configuration by the goal part only. Terminal configurations are simply successful computation
states.

A transition y— 9’ can be read as “configuration y nondeterministically reduces to y’'”. The
transition rules in this paper are presented using the format

2More sophisticated search procedures are studied in the context of ask and tell languages.
3This section may be skipped in a first reading.
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< condition 1 >

< condition n >
iadd
expressing the fact that a transition from y to y’ can take place if the conditions are fulfilled.
There is only one transition rule necessary to define the operational semantics:

1. p(uy, .. ,uy)«=0'OBy,...,B,eP
2. ‘6%(3)(0/\0’/\t1=u1/\.. ./\t,,=u,,)
(p(ty, .. , )& G,o)—>(B1&...&B,&G,0&d" &ty =1 &... &t,=u,)

In the above transition rule, p(1;, . . ., t,) is the selected atom (it can be any atom in the goal
since the order in a conjunction is irrelevant), P denotes the program, (3)(y) represents the
existential closure of 1y, and the program clause has been renamed properly not to share any
variable with the goal.* The rule expresses formally what was presented informally in the last
section. If there exists a clause in the program with the same predicate name as the selected atom
(condition 1) and if the clause constraints are consistent with the constraint store (condition 2),
then a computation step is possible. The new computation state is obtained from the old one by
replacing the selected atom by the goals in the body and adding the constraints to the constraint
store. Note also the equations between the arguments of the clause head and the selected atom.

The actual operational semantics of the language can be defined in terms of its success,
divergence, and failure sets. We use the notation P to denote the fact that the transition
occurs in the context of program P. We denote by »> the transitive closure of — and say that a
configuration y diverges in program P if there exists an infinite sequence of transitions
Phy—yi=> sy

The success and divergence sets are defined in the following way:

SS[P] = {G|P+ G ¢}
DS[P] = {G|G diverges in P}.
The failure set can now be defined in terms of the above two sets:
FS[P] = {G|G ¢ SS[P]u DS[P]}.
Another semantic definition can be given to capture the results of the computation:
RES[P,G] = {o|PF G > a}.

In order to achieve the above semantics, the CLP language should be embedded with a complete
constraint solver which means that, given a constraint g, the constraint solver should return true if
% | (3)(0), and false otherwise.

We now mention various results relating the declarative and operational semantics. The original
versions of these theorems can be found in Jaffar & Lassez (1987), Maher (1987) and Saraswat
(1989). The first result we mention is the soundness of the operational semantics.

Theorem 2 [Soundness] Let P be a program, G a goal, and o a constraint. We have

o€ RES[P,G]| implies @,%E (V)(o— G).
G e FS[P] implies ®,% E=1(3)(G).
The next theorem is the equivalent for CLP languages of the strong completeness theorem for
logic programming.’

Theorem 3 [Strong Completeness] Let P be a program, G be a goal, and o a constraint. If
P, E (V)(0— G) and 6 |= (3)(0), then there exist constraints 0, . . ., a, € RES[P, G| such that

“In recent work, Saraswat et al. (1991) give an operational semantics precluding the need for renaming.
51t is clear that a particular strategy (e.g., depth-first search) may lead to incompleteness.
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6 l= (V)(U—) (ayla .. '7ym)(01\/- . ,\/O’n)),

where y,, ..., y, are variables appearing in g, . . ., 0, and not in .

3.4 CLP languages

The above framework defines a class of programming languages parametrized by the constraint
system. Several “real” CLP languages have been designed and implemented on various constraint
systems. The most well-known of these languages are probably CHIP (Dincbas et al., 1988; Van
Hentenryck, 1989b), CLP(R) (Jaffar et al., 1990), Prolog III (Colmerauer, 1990), and Trilogy
(Voda, 1988). Their constraint systems include Boolean Algebra (CHIP, Prolog III), linear
rational arithmetic (CHIP, Prolog III), linear real arithmetic (CLP($1)), linear integer arithmetic
(Trilogy), and finite domains (CHIP). Prolog III also includes a restricted form of list concatena-
tion. Note that some of the languages use different constraint solvers for the same constraint
systems. Many other CLP languages have been, or are currently being, defined and implemented.
They include BNR-Prolog (Older & Vellino, 1990) (approximation of real arithmetic), CAL (Aiba
et al., 1988) (complex numbers), LOGIN (Ait-kaci & Nasr, 1986) and its successor LIFE (Ait-kaci
& Podeloki, 1990) (equations between -terms), CLP(2*) (Walinsky, 1989) (strings), and
Tangram (Parker & Muntz, 1988) (streams). Finally, Saraswat (1989) and Saraswat et al. (1990)
show how various data-structures (e.g., arrays, hashtables, bags) can be seen as constraint systems.

4 Ask and tell languages

CLP languages have one primitive operation: constraint solving. These languages are substantial
generalizations of logic programming, and open new application areas for which logic program-
ming was not always best suited. However, CLP languages are sometimes not expressive enough
from an operational standpoint to accommodate some reasoning techniques about constraints.
Extending the CLP framework is thus an important area of research.

In this section we discuss one such generalization, ask and tell languages, i.e., the class of CLP
languages with two primitive operations: constraint solving (i.e., tell a constraint) and constraint
entailment (i.e., ask a constraint) (Saraswat, 1989). Constraint entailment amounts to finding out if
a single constraint c is entailed by a conjunction of constraint o, i.e.

@ (V) (o= c).

Constraint entailment algorithms can be derived from constraint-solving algorithms (provided that
the negation of a basic constraint be a constraint, which is the case in the constraint systems we have
studied so far). Hence we will not describe them in this paper. Note, however, that it is sometimes
more efficient to devise specialized constraint-entailment algorithms instead of using constraint-
solving algorithms.

Constraint entailment was introduced in the context of concurrent logic programming (e.g.,
Shapiro, 1990) by Maher (1987) to endow these languages with a logical semantics. It can be viewed
as well as a generalization of languages allowing coroutining and delay mechanisms (e.g., Clark &
McCabe, 1979; Colmerauer et al., 1983; Dincbas & Lepape, 1984; Gallaire & Lasserre, 1982;
Naish, 1985). The concept of ask and tell languages was introduced by Saraswat (1989) in the
context of concurrent constraint programming. In concurrent constraint programming, constraint
entailment is used to synchronize concurrently executing agents. Saraswat (1989) provides a
comprehensive account of the use of constraints for concurrency from the theory to its applications.
Constraint entailment was also used in CHIP (see Dincbas et al., 1988; Graf et al., 1989, 1990)
inside the if_then_else construct, and was instrumental in simulating hybrid circuits. Its
interest for CLP languages lies in the opportunity to reason about the constraints and to use the
gained information for achieving pruning. As we will see, it can be used to express non-primitive
constraints following general principles from artificial intelligence and operations research.
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Constraint entailment can be used in various ways. We present two examples of its use. The first
example is the implication operator introduced in Saraswat (1989) in the context of concurrent
logic programming. The second example is the cardinality operator proposed explicitly for CLP
languages (Van Hentenryck & Deville, 1991).

4.1 The implication operator

There are very many ways of using Boolean constraints. One of them, which has turned out to be
useful for many applications such as diagnostic and test generation of circuits, is local propagation
(Sussman & Steele, 1980; Davis, 1984). The idea here is to deduce values for some variables given
the values of other variables. For instance, an “and-gate” may be defined by rules of the form

“If one input is 0 then the output is 07,
“If the output is 1 then the inputs are both 17.

To implement a program achieving this form of propagation, it is necessary to introduce a form of
data (or constraint-driven) computation where goals are suspended (when not enough information
is available) and reactivated (when new information require to reconsider them). The purpose of
the implication operator for CLP languages is precisely to achieve this form of behaviour and to
generalize it to any constraint system.

4.1.1 Syntax and semantics

Syntax The implication operator has the form ¢ = A where cis a constraint and A is an atom.® We
generalize the syntax of CLP languages by allowing the implication operator in addition to atoms in
the body of clauses.

Declarative semantics The declarative semantics of the implication operator is given by logical
implication ¢ — A.

Operational semantics: informal presentation 'The main originality of the implication operator lies
in the operational semantics which is based on constraint entailment. The intuition is the following.
The implication ¢ = A makes sure that A is executed only when (and as soon as) ¢ is entailed by the
constraint store. In other words, if ¢ is entailed by the constraint store, ¢ = A reduces to A. If ~|cis
entailed by the constraint store, ¢ => A reduces to true. Otherwise, the computation flounders,
waiting for more information.

Consider again the description of an “and-gate” using local propagation techniques:

and(X,Y,Z) <«

X=0=2=0,
Y=0=2-=0,
Z=1=(X=1,Y=1),
X=1=1Y =12,
Y=1=X-=2.

The above example originates from the demon declarations of CHIP. The above modelling is best
for applications such as diagnostics (Simonis & Dincbas, 1987b) and test generation (Simonis,
1989) of digital circuits. The remainder of this section was inspired by Simonis & Dincbas (1987b).

The first rule expresses that, as soon as the constraint store entails X = 0, the constraint Z = 0
must be added to the constraint store. Note also the last two rules which actually achieve more than
local propagation of values; they also propagate symbolic equalities. Now the goal (and(X, Y, Z),
X = 0) will produce a constraint store X =0 & Z =0, since the goal (X=0=Z=0, X=0)
reduces to (Z =0, X = 0) and hence to the constraint store X =0 & Z = 0. However the goal

®In the example, we relax the syntax and allow A to be a constraint as well.



Constraint logic programming 163

{and(X,Y, Z), ¢) does not modify the constraint store, since none of the constraints in the
implication constructs are entailed by the constraint store.

As mentioned previously, a goal which has floundered can be resumed when new information
becomes available in the constraint store. Assume for instance the computation state

X=0=2>Z=0&T=0=>X=0,T=0).

The first goal X = 0 = Z = 0 flounders, since X = 0is not entailed by the constraint store. But the
second goal can be executed leading eventually to the computation state

(X=0=>Z=0,X=0& T=0).

Now X = 0 is entailed by the constraint store and hence the first implication can be executed. The
final constraint store willbe X =0& T=0& Z = 0.
Now assume that we would like to build a full-adder using logical gates:

fa(X,Y,Cin,S,C) «
and(X,Y,C1),
xor(X,Y,S1),
and(Cin,S1,C2),
xor(Cin,S1,S),
or(C1,C2,C).

In the above circuit, X, Y are two input bits, Cin is the carry-in, S is the result bit and C is the
carry-out. Now, using the implication operator to define all logical gates, the query
fa(X,Y,1,3,0) will produce the constraint store

X=0&Y=0&S=1.

The reason is the following. Since the result of the or-gate is 0, its two inputs C1, C2 must be 0.
Since the second and-gate has output C2 equal to 0, and input Cin equal to 1, it follows that S1
must be zero, which implies that X and Y must be equal because of the first xor-gate. Since X, Y
appear both as inputs in the same and-gate, they must be equal to its output C1 which is 0.

The implication operator thus introduces a notion of coroutining between goals in the language
and the execution of goals can be interleaved in very complex ways. Note that the goals synchronize
by “asking” if some constraints are entailed by the constraint store. Also, a suspended goal can be
resumed by a modification of the constraint store by other goals. Note finally that the above
example used very simple constraints. Nothing prevents us from asking more sophisticated
constraints in more complex constraint systems as those presented later in this paper.

Operational semantics: formalization We now describe precisely the semantics of an ask and tell
language including the implication operator.” First note that the configurations have to be
generalized to include the terminal flounder. This terminal is necessary as not enough
information might be available to decide entailment of all implications. In this case, the
computation is said to flounder. Moreover, it is necessary to model conjunction explicitly in order
to capture the interaction between the implication construct and constraint solving. We now turn to
the transition rules which are based on those presented in Saraswat (1989).

Goal reduction: a goal can be reduced to the body of a clause if the constraint store is consistent
with the new constraints.

pluy, .. u,)<0">By,...,B,eP

GE@oNI Nty=u, N\... N\t,=u,)
(p(ty,.. ., t,), 00— (B, &... &B,,,0&d" &ty=u; & ...&t,=u,)

Implication: an implication ¢ = A never fails. If cis entailed by the constraint store, it reduces to

"This paragraph may be skipped in a first reading.
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the body A. If —jc is entailed by the constraint store, the implication terminates successfully.
Otherwise, the implication flounders:

G (V)(o—0)

(c=>A,0)—(4A,0)

Y E (V)(o—"10)
{c=>A,00—~0

QE—I1(V)(o—c)
G E—1(Y)(o—I0)
(c= A, o) — flounder

Conjunction: if any of the goals in a conjunction can make a transition, the whole conjunction

can make a transition as well and the constraint store is updated accordingly. This is the traditional
interleaving rule:

<G1> O') — <Gll9 al)

(G1 & G,0)—~(G] & Gy, 0')
(Gz&Gl,U)"‘)<G2&Gl',U’>

(Gy,0)—>0'
(G1 & G3, 0)—{Gy, o')
(G2 & Gy, 0)—=(G,, 0")

We are now ready to propose the new operational semantics. The operational semantics is now
given in terms of three sets: the success, divergence, and floundering sets

S8{P] = {G|P+ G+ g}
DS[P] = {G|G diverges in P}
FLS[P] = {G|P} G »> flounder}

The failure set can now be defined in terms of the above three sets
FS[P] = {G|G ¢ SS[P]U DS[P) U FLS[P]}

Another semantic definition can be given to capture the results of the computation
RES[P,G] = {¢|P+F G+ 0}

Note that the completeness theorem does not hold anymore for the above ask and tell language,
the implication operator introducing a gap between the declarative and operational semantics. This
is obviously an intentional decision. Since the operator does not add any theoretical expressive
power, we could very well do without it. However, the language has more additional operational
expressiveness which is useful for programming purposes.

4.2 The cardinality operator

In this section, we present a second operator using constraint entailment: the cardinality operator
(Van Hentenryck & Deville, 1991). The cardinality operator is a declarative and relational
operator, especially designed for CLP languages. It originates from an attempt to provide the user
with a suitable and uniform way of expressing his own constraints (i.e., constraints that are not
primitives of the language). It subsumes a number of constraints and control mechanisms that were
previously introduced in a somewhat ad-hoc manner, yet preserving their efficiency. In the
following, we will only present a restricted version of the operator. Before entering into the
description of the operator, let us give an example to motivate the reader. Consider, for instance, a
scheduling problem and assume that we face a disjunctive constraint between two tasks, i.e., the
execution of the two tasks cannot overlap. Assume that S1, S2 represent the starting dates of the
tasks and D1, D2 their durations, the constraint can be expressed as
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disjunctive(S1,D1,82,D2) «
S1 + D1 < 82 O.

disjunctive(S1,D1,S2,D2) «
S2 + D2 < s1 O.

Unfortunately, the above constraint is nondeterministic and will introduce choice points during the
execution. The first alternative, i.e., task 2 is scheduled after task 1, will be selected and its
constraint will be added to the constraint store. Subsequent execution may lead to a failure and
require this choice to be reconsidered. The second alternative, i.e., task 1is scheduled after task 2,
will then be considered. In general, it is better to postpone choices as long as possible. The above
constraint can be used in two (symmetric) ways to achieve pruning: (1) if the maximal start date of
S, is smaller than the minimal start date of §, added to D, then task 2 cannot be scheduled after
task 1 and (2) if the maximal start date of S, is smaller than the minimal start date of §; added to D,
then task 1 cannot be scheduled after task 2. The cardinality operator will enable us to express this
pruning in a very natural way.

4.2.1 Syntax and semantics
Syntax The cardinality operator has the form

#(l, u, [Cla LIRS} cn])

where [, u are integersand ¢y, . . ., ¢, are constraints. The syntax of CLP programs is generalized to
allow for the cardinality operator in the body of the clause.

Declarative semantics 'The declarative semantics requires a generalization of satisfiability. The
truth value of #(/, u, [y, . . ., ¢,]) is true if the number of constraints ¢; (1 < i < n) assigned to true
is not less than / and not more than u. It is false otherwise.

Note that this operator is quite expressive. A conjunction ¢; /\ .../ A ¢, can be expressed as
#(n,*, [c1,...,¢,]) where * is a don’t care value. A disjunction ¢;V...V¢, as
#(1, %, [cy, . . ., c,]) and Tjc as #(*, 0, [c]). Other connectives such as equivalence <> can now be
obtained easily. In the examples below, we feel free to use the logical operators instead of the
cardinality operator when convenient.

Using the cardinality operator, the disjunctive constraint can now be implemented as follows:

disjunction(S,,Dy,S5,D5) «
#(1,%,[S1+D1=S,,S>,+D>=5,]).

Operational semantics: informal presentation Once again, the main interest of the cardinality
operator lies in its operational semantics. The operator implements a principle well-known in
operations research and artificial intelligence: “infer simple constraints from difficult ones”. The
intuitive idea is to make sure that the cardinality operator can be satisfied in some ways. Moreover,
if there is only one way to satisfy it, then the constraints necessary to satisfy it are introduced in the
constraint store. To check if there is a way to satisfy the constraint, constraint entailment is used. In
the disjunctive example, the system makes sure that either the first task can be scheduled before the
second one or the second task can be scheduled before the first one (or both). If the constraint store
entails that the first task cannot be scheduled before the second one, then a constraint forcing the
second task to be scheduled first will be added to the constraint store.
Let us take a simple example to clarify further the behaviour.

(#(1,2,[X=4, Y=10]) & X>6, ¢

!
(#(1,2,[X=4, Y=10]), X>6)

!
(#(1,2,[Y=101), X>6)

!

X>6&Y=10
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In the above example, we have a cardinality operator requiring that X =4 or Y = 10 be true.
Initially, none of these two constraints are entailed by the constraint store. Also, none of their
negations is entailed by the constraint store. So the execution of the cardinality operator flounders.
The second goal X > 6is selected which implies that X # 4 is entailed by the constraint store. There
is only one way now to satisfy the cardinality operator, i.e., adding the constraint Y = 10 to the
constraint store.

Operational semantics: formalization The precise behaviour of the operator can be described by
the following transition rules taken from Van Hentenryck & Deville (1991).8

Trivial satisfaction: if | < 0 and u is greater than or equal to the number of constraintscy, . . ., ¢,,
then #(1, u, [cy, . . ., ¢,,]) is trivially satisfied:

Is0NAn<u
#H u,[c,...,cu]), 00— 0

Positive satisfaction: a formula #(n, u, [c, .. ., c,]) with n <u can be satisfied only if the
conjunction ¢; /\ . . . /\ ¢, is consistent with the constraint store:

IsulN\l=n
CE@(oNciN\.. . Nc,)
FHu,lcr,..,¢)),00—~0&c1 & ... &¢,

Negative satisfaction: a formula #(1,0,[cy, .. .,c,]) with <0 can be satisfied only if the
conjunction —jco \ . . . A\ ¢, is consistent with the constraint store:

IsulNu=0
GE @@ NN ... Ncy)
FH u,lcr, .. ),y o0& &. .. &,

The above three rules make up the basic cases for the cardinality operator. Two of them allow
the interference of primitive constraints, and hence prune the search space with the help of the
transition rules for conjunction.

Positive reduction: when a constraint ¢; is entailed by the constraint store, the cardinality
formula can be simplified by dropping the constraint and decrementing the bounds

CFE (V)(o—c)
0<I<nAN\IsuVO<u<nNIsO
<#(17 u, [C], Y T ~7Cn])’0>'_><#(l— l)u— 19[C]’ ey i1, Cigry o -’Cn])’o'>

The condition on/and u forces the rule to be mutually exclusive with the three satisfaction rules.
Negative reduction: when the negation of a constraint ¢; is entailed by the constraint store (i.e., ¢;
inconsistent with ¢), the cardinality formula can be simplified by dropping the constraint:

% E (V)(o—¢)
O<i<nN\I=uVi<u<nNI=<(

(#(la u, [Cl, e Gy '7cn]), U)"‘)<#(l, u, [Cl7 P S P N P '7Cn])90)

The above two rules achieve progress towards the satisfaction rules by reducing the number of
constraints and (possibly) the bounds. But the computation with the cardinality operator may now
flounder as none of the constraints can be decided upon (for entailment) wrt the constraint store.

Floundering: the cardinality operator flounders if there is no constraint ¢; such that either ¢; or its
negation —|c; is entailed by the constraint store and none of the satisfaction rules apply:

8This paragraph may be skipped in a first reading.
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G (V(o—>¢) foralllsjsn

€ V(V)(U*—lc,-) foralll<sj<n
0<I/<nN\IlsuV0<u<nNI<(
(#(l’u’ [Cla .. -,C,,]), 0)'—>ﬂ0under

We reconsider now our simple example and indicate which transition rules were used in the
derivation

#(1,2,[X=4,Y=10]) & X>6,¢)

! conjunction
(#(1,2,[X=4,Y=10]),X>6)
} negative reduction
(#(1,2,[Y=10]),X> 6)
l positive satisfaction
X>6&Y=10

4.2.2 Examples

Let us now describe two important constraints that can be easily described by the cardinality
operator. The first example is used to implement the element constraint which has been
instrumental in the solving of a variety of combinatorial problems using finite domains. Declarati-

vely, element (X, [v{,...,Vv,],E) holds if E is equal to vy (1 <X =n). Operationally,
Vi, ..., V, are assumed to be integers (non necessarily distinct), X and E are assumed to be
variables. The predicate enforces a dependency between X € {1,...,n} andE € {v,,...,v,} s0

that each time the domain of X is modified, the domain of E is updated accordingly, and vice versa.
The operational semantics can be characterized by a conjunction of constraints, with one constraint

of the following form for each different value v € {v{, ..., v,}
E=veXe{i,. .. in},
where v;, ..., v; are all the elements equal to v. A simple logic program can be written to

generate the above constraints.

The second example is the atmost constraint which will be used later on in the car-sequencing
problem. Declaratively the constraint atmost (Nb, [X;,...,X,],Val) which holds if at most
Nb elements X; are equal to Val. The expected operational behaviour of the constraint in the
application (the one that the programmer would use in an imperative language) can be described in
the following way. The constraint has to check that, at any time of the computation, the constraint
store does not entail more than Nb elements X; to be equal to Val. Moreover, if exactly Nb
elements X; are entailed to be equal to Val, then all other elements must be forced to be different
from Val. The atmost constraint can be implemented as follows using the meta-level facility to
build constraints dynamically

atmost(Nb,L,Val) «
collect(L,Val,Lestrs),
#(*,Nb,Lestrs).

collect([]},Val,[]).
collect([(X|Xs],Val,[X = Val|Lestrs]) <«
collect(Xs,Val,Lestrs).

Intuitively, the collect predicate constructs the list of constraints and the cardinality operator
uses the list to make sure that at most Nb of them are true. Given a goal
"eatmost(1, [X;...,X3],4)", the above program generates the cardinality formula

#(*,1,[X1=U,X2=4,X3=U]).
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Hence, as soon as one of the variables is fixed to be equal to 4 by the constraint store, the two other
variables are constrained to be different from 4.

S Constraint systems

The semantics described in the previous section assume an underlying constraint system as well as a
constraint solver for deciding the satisfiability of constraints. The present section considers various
constraint systems, describes their syntax, semantics and constraint-solving algorithms, and
illustrates their use on simple examples. Three constraint systems are studied in detail: Boolean
algebra, linear rational arithmetic, and finite domains. The three constraint systems were chosen
because their constraint solvers are well-documented, and because they have numerous industrial
applications. Other constraint systems were briefly mentioned in section 3. Note also that the most
basic constraint system is the Herbrand system which contains only equations between first-order
terms and is included in all CLP languages.

Before studying the various constraint systems, it is worth mentioning some of the requirements
of CLP languages on the constraint solvers. First the constraint solver should be incremental, i.e., it
should use the fact that the constraint store is consistent when adding a new constraint.
Incrementality is closely related to the concept of solved form for the constraints. Also, since the
constraint solver is to be used in a nondeterministic setting, provisions may be necessary to support
backtracking. Second the constraint solver should be complete, i.e., it should provide a decision
procedure for the constraints. Finally, the constraint solver should be efficient, as constraint
solving is the primitive operation of the language. The above requirements, especially the last two,
are somewhat conflicting. Although it is clear that a complete constraint solver is desirable, there
are very few decision procedures and some of them are of very high complexity. Hence, in practice,
they might turn out to be inappropriate. On the other hand, it may be possible to design efficient
constraint-solving algorithms that are incomplete, yet useful in many industrial applications.
Eventually the design of a CLP language is a tradeoff between expressiveness, completeness, and
efficiency of the language. The language will be successful if it supports adequately the paradigms
underlying a class of problems.

5.1 Boolean algebra

Constraints on Boolean variables play a fundamental role in computer science, both in theory and
in practice. Boolean constraint solving has also been studied for a very long time, starting with
Boole himself. (See Radeanu, 1974 for a comprehensive presentation of Boolean algebra.)
Applications of Boolean constraint solving are numerous, especially in the field of hardware
design, and include formal verification and synthesis of combinatorial circuits. Three CLP
languages include this constraint system, CAL, CHIP and Prolog III.

5.1.1 Syntax and semantics
Boolean terms are constructed from variables, truth values (true and false or 1 and 0), Boolean
constants, and the Boolean operations (and, or, not, xor, . . .). Simple Boolean terms are Boolean
terms without Boolean constants. We use /\, VV, =1, @ to denote the logical operators and, or, not
and xor on Boolean terms. It is sometimes convenient to denote Boolean terms together with their
variables. In the following, Boolean terms on variables xy, . . ., x, will be denoted by f(x,, . . ., x,,),
g(x1,...,x,),and h(xy, . . ., x,), possibly subscripted.

A Boolean constraint is a constraint of the form ¢; = ¢, where ¢; and ¢, are Boolean terms. If
1, = 1, does not contain Boolean constants, it is called a simple Boolean constraint. Both CAL and
CHIP allow for Boolean constraints. Prolog III considers simple Boolean constraints.

The semantics of the constraint system is the usual semantics of Boolean algebra. The only
delicate point is the handling of constants. Intuitively, constants can be seen as universally
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quantified variables. Hence, if ¢; and ¢, are Boolean terms with variables x;, . . ., x,, and constants
a,, ..., a,, the equation t; = t, can be interpreted as the formula
Va], .. .,amaxl, X h T

Finally, it is useful to note that @ can be constructed easily from /\, VV, and ] using the equality

x@y=xN\"yV-axANy.
Similarly, V and 7 can be reconstructed from @ and /\ using the equalities

xVy=xN\y@x®y
x=1®x.

Working with @ and /\ might often simplify computations, and the rest of this presentation is
mainly expressed in their terms. We feel free, however, to use |xinstead of 1 @ x. We also assume
the usual precedence rules (e.g., @ binds more than N\).

5.1.2 Example

We illustrate the constraint system by presenting the description of an xor-gate at the ideal switch
level (Brzozowski & Yoeli, 1985). An xor-gate can be represented using ideal switches in the
following way (Simonis & Dincbas, 1987a):

xor(A,B,X) «
p_switch(1,A,T1),
n_switch(0,A,T1),
p_switch(B,4,X),
n_switch(B,T1,X),
p_switch(A,B,X),
n_switch(T1,B,X).

n_switch(Drain,Gate,Source) «
Drain/\Gate = Gate /A Source .

p_switch(Drain,Gate,Source) «
Drain/A— Gate = -] Gate A Source .

The switches enforce the Boolean constraints required by the modelling at thislevel. An_switch
requires that the drain and the source be equal when the gate is “on” (i.e., assigned to the truth
value true). A p_switch requires that the drain and the source be equal when the gate is “off”
(i.e., assigned to the truth value true). The query < xor(a,b,R) gives

R=a®b

as an answer, showing that the circuit is correct when modelled at the switch level. The
computation of this answer requires the solving of a Boolean equation for each switch. The partial
solutions are depicted below with the convention that variables beginning with an underscore are
free variables introduced during constraint solving

«—xor(a,b,X).

N T=1@a®_ANa
2) TT=1@a

3) X=b@®_CNa®aAb
4) X=b@_CNa®a/\b
5) X=a@®b@ DAaAb
6) X=a@b.
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5.1.3 Constraint solving

Complexity Complexity of constraint solving in this constraint system varies, depending on the
presence of Boolean constants. Deciding the satisfiability of a set of simple Boolean equations is
N®-complete. Deciding the satisfiability of a set of Boolean equations is [15-complete (Kanellakis
et al., 1990).

Algorithms Various algorithms can be used to decide the satisfiability of Boolean equations.
Prolog III uses a variant of SL-resolution, known informally as SL-resolution with production.
Little is known about the algorithm itself. CAL uses Groebner basis (Buckberger, 1985)
specialized to Boolean equations. CHIP uses a Boolean unification method based on variable
elimination (Boole’s method) (Buttner & Simonis, 1987). Other methods are possible, and include
other Boolean unification algorithms (e.g., Martin & Nipkow, 1986), or model enumeration
procedures (e.g., Davis & Puttman, 1960). Moreover, no algorithm is likely to be adequate for all
purposes, and it is an active research topic to classify the merit of each of them. In the following, we
concentrate on Boole’s method and the Boolean unification algorithm of CHIP. This algorithm has
turned out to be instrumental in the formal verification of digital circuits. The presentation is based
on Radeanu (1974).

Constraint solving with one variable We first consider the simpler problem of solving a Boolean
eqﬁation with one variable. First note that an equation of the form ¢, =, is equivalent to
t; @ 1, = 0. So, without loss of generality, we can restrict ourselves to the solving of equations of
the form ¢ = 0. The following theorem gives a way to solve equations in one variable.

Theorem4 Leta/\x @ b = 0 be an equation where a, b are Boolean terms without variables. The
equation is consistent iff la/\ b = 0. Moreover, if it is consistent, then a most general solution is
given by the assignment

x—b@®aly
where y is a new Boolean variable.

It follows that solving a Boolean equation with one variable amounts to determining if 7a /\ b
can be reduced to 0 given the axioms of Boolean algebra. Since a variety of canonical forms exist for
Boolean functions, this can be achieved by reducing —a /\ b to its canonical form and comparing it
with the canonical form of 0.

Constraint solving with several variables Constraint solving with several variables is a general-
ization of the case of one variable. Each variable is eliminated, generating a new equation to
solve. Assume that f(x;,...,x,) is a Boolean term with variables x,,...,x,. Equation
f(x1, ..., x,) = 0can be rewritten into

filxy, .o x0) d‘—efgl(xl, o X)) NX, @ hy(xr, - X)) =0
This equation is consistent if and only if
f(xys o X0m1) d__ef_|g1(xl, oo Xpm) Ny, o ) =0
is consistent, in which case the assignment
Xp—hi(x1, o Xem1) @815 - - s Xnm1) A\ Y
is a most general solution, with y, being a new variable. Note that the new equation
falxy, o x,1) =0

has one less variable. The above process allows us to remove one variable at a time. It is thus
possible to apply it until only one variable is left. The general pattern is thus

de;
fp(xl’ . 'axn—p+l) :f—lgp—l(xla . -:xn—p+1) /\hp—l(xla . -yxn—p-f-l) = 09
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procedure BoolUnify(t1,t2)
return EqualToZero(t1®t2);

procedure EqualToZero(t)
begin
if (t can be reduced to 0) then
return TRUE;
else if (t contains a variable x) then
lett=aAx@®b and y be a new variable in
if (EqualToZero(—a/\b)) then

x:=b@ay;
return TRUE;
else

return FALSE;
else
return FALSE;
end;

Figure 7 Boolean unification based on Boole’s method

which can be expressed as

&(x1s o X ) N Xt @ (X, -, X)) =0

and is consistent iff

gp(X1s oy Xnp) Nhp(xy, .., Xx,_p) =0

is consistent, in which case the assignment

Xpep+1 <X, X)) DT (X15 - X p) N Vi pin

is a most general solution, with y,_, ., being a new variable. This process of variable elimination
ends up with

fue)Eanx,®@b=0

which we have seen how to solve in the previous paragraph. The assignmentstoxy, . . ., x,, make up
a most general solution to the original equation.

Boolean unification The Boolean unification algorithm of Buttner & Simonis (1987) is
precisely using the above variable elimination technique. The algorithm is shown in Fig. 7.

5.1.4 Applications

CLP languages over Boolean algebra have been applied to various areas, including hardware
design and propositional logic. In Simonis et al. (1988), formal verification of circuits at the gate,
switch and transistor level is presented. The computation times for these examples are comparable
to specialized tools. Other applications in hardware design include synthesis and circuit simplifi-
cation. In Colmerauer (1990), applications to diagnosis and propositional logic are also presented.

5.1.5 Discussion

Several points deserve to be mentioned on this constraint system. First, it has the important
property that solutions (and hence the constraint store) can be represented by substitutions, as it is
the case in logic programming. This allows for compact representations of the constraints. Second,
as mentioned already, the Boolean unification algorithm is only one way to solve Boolean
constraints. The algorithm presented here is clearly appropriate when all solutions (or a most
general solution) are required, as is the case in hardware verification, synthesis and specialization.
In cases where only one solution is required, it is not clear, however, whether the algorithm is
appropriate, or whether enumeration algorithms would perform better.
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mortgage(P,T,I,R,B) «

T=1,

B=Px(1+1I / 1200) -RO.
mortgage(P,T,I,R,B) «

T>1,

TI=T-1,

P=0,

P1=P+(1+I / 1200) -RO

mortgage(P1,T1,I,R,B).

Figure 8 A simple mortgage program

5.2 Linear rational programming

One of the most successful algorithms ever designed is certainly the simplex algorithm of Dantzig et
al. (1955). In this section, we study a constraint system that is a generalization of phase I of the
simplex algorithm. Constraints are stated over rational numbers, and can be linear equations,
inequalities and disequations. This constraint system is included in CHIP, Prolog IIT and CLP(R).°
All three systems are based on the simplex algorithm. (See Graf, 1987; Jaffar & Michaylov, 1987,
Jaffar et al., 1990; Stuckey, 1990; Van Hentenryck & Graf, 1990, for discussions of this constraint
system. )

5.2.1 Syntax and semantics
A rational term is constructed from rational numbers, variables, and the addition and multiplica-
tion operations provided that the resulting term be linear.

A rational constraint is an expression of the form ¢, d , where ¢, and ¢, are rational terms, and
de{>,=,=,s,<, #}.

The generalization over the first phase of simplex comes from the possibility of stating
constraints of the form ¢, # 6, t; > and t; < ;.

The semantics of the constraint system is given by considering the rational numbers as an
ordered additive group. Multiplication by a constant is just a notation shorthand.

5.2.2 Example

We use a simple mortgage program from Jorgensen & Marriot (1990) to illustrate this constraint
system. In the program shown in Figure 8, Pis the payment, T'is the time in months, / is the interest
rate per year, R is the monthly repayment, and B is the balance. The main feature of this program is
that it can be queried in various ways, some of them requiring simple calculation, others requiring
the simplex algorithm. For instance, the query

«mortgage(100000,360,12,1025,B)

has answer constraint B = 12625. 9. The query
«<mortgage(P,360,12,R,B)

has answer constraint P = 0.0278 * B+ 97.22 * R & P = 0. Finally, the query
«~0=<B, B=<1030 mortgage(100000,360,12,1025,B)

has answer constraint T = 355 & B = 385.449.

5.2.3 Constraint solving

Complexity Deciding the satisfiability of a set of rational constraints can be done in polynomial
time. The main result is due to Khachian (1979) who was first to propose a polynomial time

9CLP(R) actually works over the real numbers, but this is not significant for the rest of the presentation.
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algorithm for linear programming. The generalization to include constraints of the form ¢, # ¢,,
1, >t and t) <, is described, for instance, in Lassez & McAloon (1988).

Algorithms There are various algorithms to decide the satisfiability of linear equations and
inequalities. On the one hand, there is the simplex algorithm which is exponential in the worst-case
but polynomial in the average. On the other hand, there are the polynomial algorithms of Kachian
and especially Karmarkar (1984). It is not presently clear how the polynomial algorithm of
Karmarkar (1984) can be made incremental, i.e., how it can use the fact that the constraint store is
satisfiable. Hence CLP languages are based on generalizations of the simplex algorithm. To
present their constraint solvers, we proceed in several steps, starting with equations and then
introducing inequalities and disequations. '°

Equations Gaussian elimination is a standard technique to solve sets of linear equations. This
technique can be easily adapted to CLP languages. Whenever the constraint solver faces a linear
equation

atax;+:-+ax,=0 (n>0,a,70)
it isolates one variable, say x;, and produces the binding
xpe——(a+apy+ - +a.x,)la.

Once again, the solver has the nice property that solutions can be represented compactly (e.g.,
through a substitution).

Inequalities Inequalitics of the form ¢, =¢ and ¢, <¢, are rewritten into equations by
introducing a slack variable t; — s* =1, or t; + s* = t,. The slack variable is constrained to take
only nonnegative values, and we refer to variables so constrained as nonnegative variables. Other
variables are referred to as arbitrary variables. Gaussian elimination can still be used for equations
containing nonnegative variables provided that the equation contains at least one arbitrary
variable. The arbitrary variable is then isolated and the solver produces the binding. However,
when only nonnegative variables appeared in the constraints, Gaussian elimination is not
sufficient. The reason is that the resulting binding might produce subsequently a negative value for
the variable. Moreover, simply checking the absence of this problem is not sufficient, as there may
be several such constraints and they have to be consistent with each other.

Equations over nonnegative variables The problem to be solved now is to decide the satisfiabi-
lity of a set of equations over nonnegative variables (in an incremental way).!! This is the purpose
of Phase I of linear programming.

The basic idea behind the simplex algorithm is to maintain a solved form for the constraints. A
set of equations is in solved form iff it is of the form

n=bpxXanxi+ -+ apxy

Yn=bn+an1xl +o et Ay Xy,

where yq, . . ., y, are called the basic variables, x, . . ., x,, the non-basic variables, and by, . . ., b,
are nonnegative.

Phase I of the simplex algorithm introduces artificial variables to obtain an initial solved form for
the constraints, and uses the pivoting operation to obtain a basis minimizing the value of the
artificial variables. The constraints are satisfiable iff the result of the minimization is zero.

In CLP languages, the constraint store (in this case equations over nonnegative variables) is
maintained in solved form. The main operation is thus to add a new constraint to a set of equations
in solved form. This operation may be carried out in three steps:

'The presentation that follows should not be understood as proposing a particular implementation. We
discuss the basic principles and there are various ways of putting them into practice.
"In the following two paragraphs, all variables are assumed to take only nonnegative variables.
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1 The basic variables in the new constraint are replaced by their right members;
2 An artificial variable is introduced to provide an initial basis;
3 The value of the artificial variable is minimized.

Once again, the constraints are satisfied iff the minimization result is zero. Also, it is not difficult
to extract a solved form for the initial constraints from the solved form of the minimization
problem. It follows that the simplex algorithm can be turned into an incremental constraint-solving
algorithm for inequalities. We now reconsider disequations and strict equalities.

Disequations and strict inequalities The main problem here is to handle disequations and to find
asuitable solved form for them. Strict inequalities (e.g., t; > £,) can be rewritten as a conjunction of
an inequality and a disequation (e.g., t; = t; and t; # t,). (See Imbert & Van Hentenryck, 1991 for
an efficient handling of disequations in this computation domain.) It is natural to consider that a
disequation is in solved form if it is of the form

0#b+ax; +---+ax,

with at least one of {b, ay, . . ., a,} different from zero and x4, . . ., x,, being non-basic variables.
However, a system of equations and disequations can be put in solved form, even if it is not
satisfiable as illustrated by the following system:

Y1=X1 — X
Y2= X2 T X
O#xl—xz

Adding the two equations results in y; + y, = 0 and thus in x| = x5.

It turns out that the solved form is only valid if the system of equations has no hidden constant,
i.e., no variable constrained to take a unique value. The three systems mentioned previously,
CHIP, CLP(R) and Prolog III, have different ways of ensuring the absence of hidden constants.

In CLP(N) and Prolog III, the idea is to check at the same time satisfiability and the presence of
hidden constants by modifying the algorithm to add a new constraint. They exploit the property
that, if the system of equations contains hidden constants, then one of them is the slack variable of
the new constraint. Hence, instead of checking only satisfiability, they check if the slack variable is
constrained to be zero or can take another value. If the constraints are satisfiable and there is an
hidden constant, it is necessary to search for other hidden constants. A precise description of the
CLP(R) solution can be found in Stuckey (1990).

CHIP has a very different approach, described in Van Hentenryck & Graf (1990). The
motivation underlying the CHIP approach was the desire to obtain a syntactic solved form for the
equations which precludes the presence of hidden constants.'? It turns out that if the constraints are
lexicographically positive (e.g., the first non-zero coefficient in the right member is positive) then
there is no hidden constant. Moreover, this new solved form can be maintained through pivoting,
provided that the underlying simplex algorithm used a lexicographic pivoting rule as that of
Dantzig to prevent cycling (Dantzig et al., 1955). Hence, the addition of a new constraint can
proceed normally as the pivoting operation maintains the solved form. When some hidden
constants are discovered, only those constraints not in solved form need to be reconsidered.

Which of the above solutions is most efficient is still unclear. The potential benefit of the CHIP
solution, beside its simplicity, lies in the information it provides for finding other hidden constants
once some have been found. Only the constraints not in solved form need to be reconsidered.
CLP(3t) and Prolog III need to reconsider all homogeneous constraints. CHIP entails a slightly
more costly pivoting rule, while CLP(}) and Prolog I1I have more complicated algorithms to add a
constraint.

2By syntactic we mean that the solved form can be defined, for instance, by a grammar.
ysy yag
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5.2.4 Applications

There have been various applications of this constraint system. They range from simulation and
diagnostics of various circuits and devices (Graf et al., 1989, 1990; Heintze et al., 1987; Gorlick et
al., 1990) to decision-support systems (Berthier, 1983; Lassez et al., 1987) and geometrical
problems (Colmerauer, 1990).

5.2.5 Discussion

The constraint solver for the above constraint system is complete and, although the simplex
algorithm is exponential in the worst case, it is reasonable to conclude that it is efficient. Note,
however, that the constraint store can no longer be represented as substitutions, but the system is
required to maintain sets of constraints in solved form. Fourier’s algorithm could also be used to
remove intermediary variables from the answer constraint. In theory, this process is inherently
exponential. Whether this can be done efficiently in practical applications is still an open issue.
Recent work in that area has focused on the elimination of redundant constraints generated by
Fourier’s algorithm or present in the initial answer constraint (Lassez et al., 1987; Imbert, 1990).
Also, it is worth mentioning that many programs will contain constraints that are not linear. In
general, the query will be such that the constraints are actually linear at runtime. If it turns out not
to be the case, the system will either raise an error message or delay the constraints in the hope that
more information will be made available. Finally, note that some of the languages also allow for the
optimization of a linear function. The implementation is based on the simplex algorithm once
again.

5.3 Finite domains

Many combinatorial problems such as graph colouring, scheduling, and warehouse location are
discrete in nature: their variables can only take a finite set of values. A common technique to solve
these problems is partial enumeration (Parker & Rardin, 1988), i.e., a combination of tree
searching and constraint solving. The constraint system presented in this section aims at supporting
the above paradigm. Contrary to the previous two constraint systems, its constraint solver is not
complete to reflect a traditional way of solving these problems. This constraint system is included in
CHIP, and a comprehensive overview of this system is given in Van Hentenryck (1989b). The
presentation that follows is mostly based on Van Hentenryck & Deville (1990). Note that the initial
example of this paper was based on this constraint system.

5.3.1 Syntax
Finite terms are constructed from variables, natural numbers, and the addition and multiplication
operations. Constraints on finite domains are of the form

xe{ay,...,a,} or Lot
where ¢, t, are finite terms and 0 € {>, =, =, <, <, #}.

Note that the constraints need not be linear. However, we impose the restriction that any
variable appearing in an arithmetic constraint also appears in a domain constraint.

The above presentation is a subset of the CHIP constraints. CHIP allows a number of symbolic
constraints as well as user-defined constraints. These extensions are subsumed by the cardinality
operator to be presented later in this paper. CHIP also allows for finite domains of constants with
equations and disequations. There is no difficulty in extending the discussion here to cover this case
as well.

The semantics of the constraint system is given by considering the natural numbers as an ordered
ring. The semantics of the domain constraint is given as a restricted form of disjunction

x=aqV... Vx=a,.
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Similar semantics (as logical formulas over natural numbers) can be given for any symbolic
constraint available in CHIP.

5.3.2 Constraint solving

Complexity Deciding the satisfiability of constraints in this constraint system is N%®-complete.
It is decidable since we assume that each variable has a finite domain. Note that the problem
remains N®P-complete if the domain requirement is relaxed and only linear constraints are
considered. Note, however, that the constraint-solving algorithms to be presented are not
complete, but provide efficient pruning techniques that reduce the search space. As a result, the
constraint-solving algorithms are efficient polynomial algorithms.

Basic constraints  Constraints in this constraint system can be divided into two subsets: basic
constraints and non-basic constraints. Basic constraints are those that can be decided upon by the
constraint solver. They fit easily in the CLP framework. Non-basic constraints are only approxi-
mated in terms of the basic constraints, i.e., they are used to generate new basic constraints. We
first study basic constraints.

Definition 5 The basic constraints are either domain constraints or arithmetic constraints:

® domain constraint: x € {ay, . . ., d,};
® arithmetic constraints:

— ax # b,

— ax=b;
—ax=by+c(a*0#Db);
— ax=by +g¢;

— ax<by+ec.

Note that the variables appearing in arithmetic constraints are expected to appear in some
domain constraints. Every variable thus has a domain. This justifies the following definition:

Definition 6 A system of constraints S is a pair (AC, DC) where AC is a set of arithmetic
constraints and DC is a set of domain constraints such that any variable occurring in an arithmetic
constraint also occurs in some domain constraint of S.

Definition7 LetS = (AC, DC)be asystem of constraints. The set D, is the domain of xin § (or in
DC) iff the domain constraints of x in DCare x € Dy, . . ., x € D, and D, is the intersection of the
Ds(1si<k).

It follows that, provided that each variable has a domain, a conjunction of basic constraints can
be represented by a system of constraints, and vice versa. In the following, if ¢(x) and ¢(x, y) are
constraints, we denote by c¢(x/a) and c(x/a, y/b) the Boolean value obtained from ¢(x) and c(x, y) by
replacing x and y by the values a and b, respectively.

Constraint solving for finite domains constraints is based on consistency techniques, a paradigm
emerging from artificial intelligence (Mackworth, 1977). The basic idea behind consistency
techniques is to reduce the domain of variables by removing values that cannot appear in a solution.
Various notions of consistency and algorithms to enforce them have been designed. We review the
main definitions.

Definition8 Let c(x) be a unary constraint and D, be the domain of x. Constraint c(x) is said to be
node constant wrt D, if ¢(x/a) holds for each value a € D,.

Definition9 Letc(x, y) be abinary constraint and D,, D), be the domains of x, y. Constraint c(x, y)
are said to be arc-consistent wrt D, D, if the following conditions hold:

1 Va e D, 3b € D, c(x/a, y/b) holds;
2 Vb e D, 3a € D, c(x/a, y/b) holds.

We are in position to define a solved form for the constraints.
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Definition 10 Let S be a system of constraints. § is in solved form iff any unary constraint c¢(x) in S
is node-consistent wrt the domain of x in §, and any binary constraint ¢(x, y) in § is arc-consistent
wrt the domains of x, y in .

The satisfiability of a system of constraints in solved form can be tested in a straightforward way
(Van Hentenryck & Deville, 1990).

Theorem11 LetS = (AC, DC) be a system of constraints in solved form. S is satisfiable iff (0, DC)
is satisfiable.

It remains to show how to transform a system of constraints into an equivalent one in solved
form. This s precisely the purpose of the node- and arc-consistency algorithms (Mackworth, 1977).

Algorithm 12 To transform the system of constraints § into a system in solving form §":

1 apply a node-consistency algorithm to the unary constraints of S=(AC, DC) to obtain
(AC,DC");

2 apply an arc-consistency algorithm to the binary constraints of (AC, DC’) to obtain
S'=(AC, DC").

We now give a complete constraint solver for the basic constraints. Given a system of constraints
S, Algorithm 13 returns true if S is satisfiable, and false otherwise.

Algorithm 13 To check the satisfiability of a system of constraints S:

1 apply Algorithm 12 to S to obtain §' = (AC, DC);
2 if the domain of some variable is empty in DC, return false; otherwise return true.

The complexity of Algorithms 12 and 13 is the complexity of arc-consistency algorithms. In
Mohr & Henderson (1986) an arc-consistency algorithm is proposed whose complexity is O(cd?),
where ¢ is the number of binary constraints, and d is the size of the largest domain. Moreover, in
Deville & Van Hentenryck (1991) it is shown that, provided that the constraints satisfy some well-
defined properties (functionality or monotonicity), an O(cd) algorithm can be obtained. These
properties being satisfied by the basic constraints, it is possible to implement Algorithm 13 torunin
O(cd).

Non-basic constraints Basic constraints are not expressive enough to state a large variety of
discrete combinatorial problems. Moreover, simple generalizations of these constraints (e.g.,
allowing for two variables in disequations or three variables in inequalities) lead to N%-complete
problems to decide satisfiability. Hence the choice made in this constraint system was to allow for
non-basic constraints but to provide an incomplete constraint solver.

Consistency techniques are also used to solve non-basic constraints. The idea here is that each
individual non-basic constraint is tested for satisfiability wrt to the domains of the solved form of
basic constraints. Moreover, they are used to generate new basic constraints (e.g., domain
constraints) that can be added to the current set of basic constraints. However, since the constraint
solver is not complete, the above operational semantics does not apply directly. Intuitively, the test
for satisfiability in the definition of the operational semantics should be replaced by something
weaker, say local satisfiability. However, the results of the computation should be interpreted with
care. The reader is referred to Van Hentenryck & Deville (1990) for a precise definition of the
operational semantics. The discussion that follows is informal, and is intended to provide the
reader with a preliminary understanding of the operational semantics.

Non-basic constraints are approximated using a generalization of arc-consistency for non-binary
variables.

Definition 14 Letc(xy, . . ., x,) be a constraint and D; be the domain of x; (1 < i < n). Constraint
c(xy, . . ., x,) is said to be arc-consistent wrt D; (1 < i < n) if the following condition holds for all i
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L Vb[EDi3b1,...,b,'_],b,'+1,...,b,,ED],...,D,'_l,DH.l,...,Dn such that C(bl,...,bn)
holds.

A reduced form for the constraints is obtained when all constraints are arc-consistent. Hence the
test for satisfiability given previously can be replaced by a test for arc-consistency of the constraints
and each step amounts to enforcing an arc-consistency algorithm, reducing the domains of the
variables. Arc-consistency algorithms can be rather inefficient in practice, but the semantics of the
constraints can be exploited to produce good specialized algorithms. We illustrate this point by
presenting how reasoning about variation intervals can lead to an efficient algorithm for linear
inequalities. Suppose that a linear inequality has been normalized into an expression of the
following form:

axit---+ax,+taz=zby,+---+b,y,+b.
Assume that
ax,+:--+ax,+a
ranges over [min,, max,], and that
biyirt---+b,ym+b

ranges over [min,, max,]. To satisfy the constraint, min, should be smaller or equal to max,. Hence
new constraints can be derived:

apx; + - -+ ax, +a=min,
byyir+ -+ b,y + b=<max,

But these constraints directly imply basic constraints on the values of variables. Indeed, each
variable x; should satisfy

n

ax; = min, — ( Z (agmax(x;)) + a),

k=1,k#i

and each variable y; should satisfy

b;y;<max, — ( Z (bpmin(x,)) + b),
k=1 k=i

where min(x) and max(x) are respectively the minimum and maximum values in the domain of x.
These new constraints can then be used to reduce the domains of the variables.

The above behaviour was used in the initial example of the paper. The interested reader could
reconsider the example with the knowledge of the constraint solver. Similar handling of equations
and inequalities has been used in Alice (Lauriere, 1978) and REF-ARF (Fikes, 1968).

5.3.3 Applications

This constraint system has given rise to numerous applications including graph colouring,
scheduling, cutting stock, microcode labelling, warehouse location, car sequencing, planning and
assignment problems to name a few (see, for instance, Dincbas et al., 1988a,b,c, 1990; Van
Hentenryck, 1989a,b). For most of these applications, the computation time is comparable in
efficiency with special-purpose programs (based on the same approach).

5.3.4 Discussion

Finite domains are a constraint system endowed with an incomplete constraint solver. The design
choice was motivated by the desire to support, in an adequate manner, partial enumeration, a
paradigm subsuming backtracking, constraint satisfaction and branch and bound. In partial



Constraint logic programming 179

enumeration, incomplete constraint-solving and enumeration are interleaved, and this is precisely
what is achieved by combining the above constraint system and nondeterminism. The language
then abstracts both the constraint solving and enumeration components and shortens the develop-
ment time of programs substantially while preserving the efficiency of specialized tools for many
applications. It can be viewed as a search procedure with an arc-consistency algorithm executed at
each node of the tree, i.e., the constraint store is always arc-consistent,

An alternative design would have been to provide a complete constraint solver that would
necessarily require exponential time. However, given the variety of discrete combinatorial
problems, it is unlikely that this approach be practical. By leaving to the programmer the
responsibility of the choice process, heuristics and properties such as symmetries can be exploited
and the algorithms specialized to the problem at hand. We refer the reader to Van Hentenryck
(1989b) for more information on this topic.

Finally, note that some higher-order predicates to find an optimal solution given an objective
function are available for this computation domain. The implementation uses a depth-first branch
and bound technique (Van Hentenryck, 1989b).

6 Applications

In the previous sections, we have presented a general framework for CLP languages and discussed
various constraint systems that have been used to instantiate the framework. Small examples have
been presented and applications have been mentioned. In the following, we turn to larger
applications in order to illustrate the potential of CLP languages. We present an application for
each of the constraint systems presented previously. The applications are not always described in
detail, but should convey the nature of the problems and solutions. Hence they give the reader an
idea of the applicability of CL.P languages. More information can be found in the references.

6.1 Formal verification of digital circuits

The purpose of this application is to demonstrate the use of Boolean algebra for the formal
verification of circuits. Formal verification of circuits is an important area as exhaustive testing is
impossible for large circuits. A formal verification amounts to comparing an implementation (i.e.,
a circuit description) with a circuit specification. Formal verification can be done at various levels of
abstraction such as the gate level, the switch level, or the transistor level. (See Simonis et al., 1988,
for an overview of formal verification of CLP languages.) In this paper, we consider only
verification at the gate level (an example at the switch level was presented earlier in the paper), and
we mainly follow the above-mentioned paper.

6.1.1 Circuit representation

Representing hardware in logic programming has been studied in various papers (e.g., Clocksin,
1987). Logic programming provides a simple, yet convenient, hardware description language
supporting, for instance, hierarchical descriptions and buses. Logical gates can be described easily
in terms of constraints:

and(I1d,X,Y,Z) «Z=XNYO.
or(I1d,X,Y,2) «Z=XVYO.
xor(Id,X,Y,2) «Z=X®YO.
not(Id,X,Y) «Y=X .

The first argument in the gates always represents the unique identifier assigned to each gate of the
circuit. Given the above description, a full adder, depicted in Figure 9, can be easily described as
follows:
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X___—T—1 = 5> c
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Cin ;

Figure 9 A full adder

fa(N,X,Y,Cin,S,C) «
and([1|N],X,Y,C1),
xor([2|N],X,Y,S1),
and([3|N],Cin,St,C2),
xor([4|N],Cin,S1,8S),
or([5|N],C1,C2,C).

In the full adder, X, Y, Cin, S, C are intended to represent single bits. Denoting by by the bit value
of a Boolean variable 7, the full adder is intended to perform the addition of by, by, bg;, t0
produce the result bg and the carry b, and our modelling is intended to impose the constraint

bx+ bY+bCin=2*bC+bS

There are various points to mention here. First, wires are represented by shared logical
variables. This is in no way necessary (wires can be represented explicitly if necessary) but provides
a compact representation. Second, the description associates to each component a unique
identifier by concatenating the unique identifier of the full adder with different integers. Now the
query fa([],x,y,z,S3,C) returns as an answer constraint:

S=x@PyPz
C=xNy®DxNz@yNz.

Inother words, S receives the value true (i.e., represents the bit 1) iff there is an odd number of bit 1
inx, y, zand C receives the value true (i.e., represents the bit 1) if there are at least two variables
assigned to true (i.e., the result of the addition is 2 or 3). The intermediary bindings for the variables
are extremely simple in this example:

1) C1=xAN\y

2) S1=x@y

3) C2=xNz@yANz
4y S=x@Py®Dz

5) C=xN\y@xNz®@yNz.

Suppose now that we would like to build a four-bit adder, as depicted in Figure 10. A four-bit
adder adds two four-bit words and a carry-in to obtain a four-bit word and a carry-out;

Cin
X3 X2 X1 X0
Y3 Y2 Y1 YO

Cout 83 82 S1 S0
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Cin YO X0 Y1 X1 Y2 X2 Y3 X3

1 N O I O O

FA FA FA FA

- T J 1 L4 I |

SO C1 S1 C2 S2 C3 S3  Cout
Figure 10 A four-bit adder

Four full-adders can be combined to obtain the desired circuit:

four_bit(N,Cin,X0,X1,X2,X3,Y0,Y1,Y2,Y3,50,S1,32,33,Cout) «
fa([1|N},X0,Y0,Cin,S0,C1),
fa([2|N],X1,Y1,C1,S0,C2),
fa([3|N],X2,Y2,C2,50,C3),
fa([4|N],X3,Y3,C3,S0,Cout),

6.1.2 Formal verification

Formal verification, as mentioned, amounts to verifying whether a circuit is equivalent to its
specification. A specification is usually described as a set of recursive equations. Assume, for
instance, that the four-bit adder has to be verified formally. The following recursive specification
can be used:

sp_n_bit_adder(C,(],(1],[],C).

sp_n_bit_adder(Cin, [X|Xs], [Y]|Ys], [S|Ss],Cout) «
S=X®Y®Cin,
Cn=(XAY)® (XACin) @ (YACin) O
sp_n_bit_adder(Cn,Xs,Ys,Ss,Cout).

In the above specification, the first argument represents the carry-in, the second argument the list
of bits that are the X inputs, the third argument the list of bits that are the Y inputs, the fourth
argument the list of bits that are the outputs, and the last argument is the carry-out.

Now comparing the specification and the circuit can be done through the following clause:

verify «
sp_n_bit_adder(ecin, [x0,x1,x2,x3], [y0,y1,y2,y3],S,Cout),
four_bit([],ecin,x0,x1,x2,x3,y0,y1,y2,¥3,S,Cout).

If the circuit is correct wrt the specification, the above clause will succeed. Otherwise, it will fail.
Note that it is necessary to use Boolean constants. If variables were used instead, we would only be
able to conclude that the circuit is compatible wrt the specification, i.e., the circuits can be
specialized (i.e., instantiated) to achieve a similar behaviour.

6.1.3 Computation results

The above presentation should show the potential of CLP over Boolean algebra for formal
verification of digital circuits. The approach has been applied to a number of circuits. For instance,
the 74L.S181 ALU given in Bryant (1986) has been verified for various wordsizes (from 8 to 64) with
computation times varying from 10 to 280 seconds on BULL SPS-9 (about twice as fast as a VAX
11/780). These results are comparable with specialized tools for that problem. For large circuits
described in an hierarchical way, the efficiency might be improved by verifying the subcomponents
first and then using their specifications instead of their implementations. The approach also has
limitations: multipliers cannot be verified efficiently but other techniques can be used.
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Classes l 1T2 | 3 | 4 l 5 I 6 l Capacity

Option 1 yl-1-1-1yly 1/2

Option 2 -{-tylyl-1|vy 2/3

Option 3 yv|-1-1-1yv]l- 1/3

Option 4 yivyl-lyl-|- 2/5

Option 6 -l=-{vyi{i-t-1- 1/5
Cars 1111212122

Figure 11 A car sequencing example

L[5S [S[S][S]|sS]|S]S]|S%]S
Class 1
Class 2
Class 3
Class 4
Class 5
Class 6

Figure 12 Car sequencing: the initial search space

6.2 The car sequencing problem

We now present a problem using finite domains. The problem was motivated by an article
published in AI Expert (Parrello, 1988) reporting the failure of an expert system to solve the
problem and concluding that fifth-generation tools were not appropriate to solve the problem. A
CLP solution to the problem was reported first in Dincbas et al. (1988¢c). The presentation here
essentially follows that paper, although it has been revised to accommodate refinements to the CLP
framework.

6.2.1 Problem statement

The problem arises in the car industry where it is necessary to produce cars requiring different
options. The cars are placed on an assembly line which moves through the various production units
responsible to set up the options. The production units have limited capacity, implying that they
may not be able to set the option on each car. More generally, their capacity constraints are of the
form r outof s meaning that, on each sequence of s cars, the unit is able to produce at most r cars
with the option. The problem can now be specified as follows: given a number of cars with their
association options, find a sequencing of the cars satisfying the capacity constraints of the
production units.

We illustrate the problem on a simple example. Since cars requiring the same set of options
cannot be distinguished here for any useful purpose, we cluster them in classes. Figure 11 presents a
problem with 5 options, 6 classes, and 10 cars. A “y” in the table means that a particular option is
required by the class while a “_” means that the option is not requested. The capacity constraint r/s
should be read as r outof s.

The search space in this problem is made up of the possible values for the slots of the assembly
line, as depicted in Figure 12. We take the same convention as in the “send + more = money”
example to describe the search space. The assembly line itself is best described by the options
selected for each slot, as depicted in Figure 13. Figures 14 and 15 describe a solution to the problem.
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| S S [ S| s |8 ]8]S | S| S |S]

Option 1
Option 2

Option 3
Option 4
Option 6

Figure 13 Car sequencing: the initial assembly line

[Si[S[S]S]S]%][S]%][S%]s]

Class 1 + -

Class 2 -+ -1-1-1-1-1-1=-1-

Class 3 - - - + - - - - + -

Class 4 - - - - - + + - - -

Class 5 - - - - + - - + - -

Class 6 - - + - - - - - - +

Figure 14 Car sequencing: a solution

[ S5 S|S[S]|S%[S]%]S%]S]

Option 1 + - + - + - - + - +
Option 2 - - + + - + + - + +
Option 3 + - - - + - - + - _
Option 4 + + - - - + + - - -
Option 5 - - - + - - - - + -

Figure 15 Car sequencing: the assembly line in a solution

6.2.2 Problem solution

The problem is clearly a discrete combinatorial problem and its solution uses constraints over finite
domains. As is typical with finite domains programs, the program contains two parts: a constraint
part that generates the problem constraints and a choice part that assigns values to (some of) the
problem variables. The presentation that follows concentrates mainly on the constraints that have
to be generated.

Conventions We assume that we are given n classes of cars. Each class i constrains n; cars
(n; = 0) such that the total numbers of cars is nc = Z/_ n;. We also assume m different options. For
each class i and option j, we have a Boolean o; which is true if class i requires option j and false
otherwise. For convenience, we will assume that true is represented by 1 and false by 0.

Problem variables The first step towards the solution is to identify the problem variables in
terms of which the constraints are stated. To each slot i (1 <i < nc) is associated a variable §;
denoting the class of cars assigned to the slot. These variables are called the slot variables, and
represent the main output of the program. Each slot i is also associated with m variables, one for
each optiondenoted O}, 0%, . . ., O7. Ol(1 <i<ncand 1 <j < m)isequaltolif theclass S; i.e.,
the class assigned to slot i) requires option j and 0 otherwise. These variables are called the option
variables. There are O(nc) slot variables and O(nc X m) option variables. In the above example,
there are 10 slot variables and 50 option variables.

Domain constraints We now turn to the problem constraints. The first constraints are the
domain constraints for the slot and option variables. Each slot variable §; has a constraint
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S; € {1, . .., n} while each option variable O/ has a constraint 0’ € {0, 1}. The domain constraints
generated for the example are as follows:

S1€1..6,...,S10€1..6,
0le0..1,...,07€0..1,
Olpe0..1,...,03,€0..1.

Capacity constraints The capacity constraints are stated in terms of the slot variables. If the
capacity constraint for option j (1 < j < m) is of the form r outof s, constraints of the form

O+ - +0l,,_sr(lsisnc—s+1)
have to be generated. In the above example, the capacity constraints are as follows:
01+ 05<1,
O; + 0%0 = 19
O1+05+- -+ 03<1,

O+ 03+ ---+03=<1.
There are O(nc X m) capacity constraints.

Demand constraints It is also necessary to make sure that the cars actually requested are
produced. For each class i (1 <i < n), a constraint

exactly(n;, [S1, . . ., Spe), 1)

has to be generated, where Sy, . . ., S, are the slot variables and #; is the number of cars in class i.
Since they are nc slot variables, and each of them will be assigned to a class (and thus a car), it is only
necessary to make sure that the assignment does not produce more cars from a class than is actually
necessary. Hence the above constraints reduce to atmost constraints seen previously,

atmost(n;, [S1, . . ., Sucl, i)
There are n demand constraints. In the example, the following constraints are generated:

atmost(1 y [S1,... ,S10] ,1),

atmost(2,[S1,...,310],6).

Relation constraints So far, the option variables are not connected to the slot variables as
required by the semantics specified previously (see Paragraph Problem Variables). The connection
can be achieved through the element constraint that was introduced previously in the paper, and
built using the cardinality operator. Each option j will be connected with slot i by the constraint

element(S;, [0y, . . ., 0], 0];:)-

where 0y, . . ., 0,;are the zero-one values specifying which classes require option . In the example,
the connection between the slots and options is enforced by the constraints.

element(S,,[1,0,0,0,1,1],07),
element(S,,[0,0,1,0,0,0],03),
element(S;,,[1,0,0,0,1,11,010),

element(Sq,,(0,0,1,0,0,0],03,).

There are O(nc X m) relation constraints.
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I | S| S| S[s]s]s]S][8]S]s]
Class 1 + - - - - - - - - -
Class 2 -
Class 3 -
Class 4 -
Class 5 - - -
Class 6 - -

Figure 16 Car sequencing: search space after 1 choice

[ S S ] S| 5] S]|S[S]%]S]Ss|

Option 1 + -
Option 2 -

Option 3 + - -
Option 4 +

Option 5

Figure 17 Car sequencing: the assembly line after 1 choice

Basic program The basic program can now be presented. It amounts to generating the
constraints (a process that has been illustrated in the “send + more = money” puzzle) and to
generating values to the slots variables

sequencing(Line) «
generate_constraints(Line),
generate_values(Line).

The argument of the predicates is the list of slots variables. The generation of constraints will be
responsible for creating as many variables as there are slots in the assembly line, for creating the
option variables, and for stating all the abovementioned constraints. Generating the constraints
can be done by simple recursive programs and does not raise any particular difficulty. Assigning a
value to the slot variables will produce a solution satisfying the constraints. The generation of
values simply assigns to each of the slot variables a value between 1 and #, that is a class of cars.

Redundant constraints The program efficiency can be improved by generating redundant
constraints. These constraints are not necessary to guarantee the correctness of the program, but
improve the pruning by exploiting properties of the solutions. Generating redundant constraints is
acommon practice in operations research. In the car sequencing problem, the idea is the following.
Assume that option j has a capacity constraint r outof s. We know that the last s slots can only
contain r cars so that the other slots should contain all the remaining cars having that option. If p
cars require option j, we may generate a constraint

O+ - +0L_,=p-r.

More generally, the last k X s (k = 1,2, . . ., nc/s) can only contain k X r cars, and hence the
O+ Ohecpus=p —k X1

may be generated.

llustrating the computation The above program will first state the constraints and then make
choices. After the first choice (i.e., S| = 1), the search space and the assembly line are depicted in
Figures 16 and 17.
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[ [s|s[S[s|s]|s|s]|s]|S]s]
Option 1 + -

Option 2 - -

Option 3 + - -

Option 4 + + - - -

Option 5 -

Figure 18 Car sequencing: the assembly line at an intermediary state

Now, giving to S, its first possible value (i.e., 2) will lead directly to the solution presented at the
beginning of the example. Indeed, this choice removes immediately the value 2 for all other slot
variables and prevents variables 53, S4, Ss from taking the value 4 because of option 4. This
intermediary state is depicted in Figure 18. But now S5 and S, can only take a class taking option 2
because of the redundant constraints. This fixes all the slots requiring option 2 and the position of
the 2 cars of class 5. Pursuing the reasoning leads to the solution with two choices (i.e., Sy, S,) and
no backtracking.

6.2.3 Computation results
The resulting program for the car-sequencing is less than three pages long. It was developed in a
rather short time (less than a week). To evaluate its efficiency, a number of experiments have been
carried out with the program. They are fully reported in Dincbas et al. (1988c). The main result is
that the program can sequence problems involving several hundred cars with a resource utilization
over 90% in a couple of minutes on a SUN-3 workstation. It was observed that for these randomly
generated problems, the average time of the program is quadratic in the size of the assembly line.
Note also that an integer programming solution would require a much larger set of variables and
constraints due to the inability to state the relation and demand constraints in the above forms. It
would require recasting the problem in terms of zero-one variables and hence losing much
efficiency.

6.3 Modelling and simulation of electrical and hybrid circuits

The purpose of this section is to illustrate the use of linear rational (or real) arithmetic in the
simulation of hybrid circuits (i.e., circuits containing electro-mechanical, hydraulic, and other
types of components) such as machine tools and the landing gear of an aircraft. A complete
presentation of the application is beyond the scope of this paper and the reader is referred to Graf
et al. (1990) for more comprehensive presentation. In the following, we try to convey some of the
ideas and techniques used in this application.

6.3.1 Problem description

The problem amounts to simulating hybrid circuits at a high level of abstraction, yet with a
sufficient precision. The idea is to achieve a compromise between a qualitative approach (too
imprecise for this application) and a quantitative approach (that provides too low-level infor-
mation). The simulation should provide an early design check and detect anomalies such as
blowing of components and oscillations. It should also provide the basis for a diagnostics tool able
to detect design errors. The simulation might be nondeterministic (i.e., there may be several states
succeeding a particular state), and hence the problem is combinatorial. The nondeterminism
comes from various factors: for instance, the circuit may be ambiguous and hence its behaviour is
ill-defined or some component may have been removed for the purpose of diagnostics and hence
the circuit behaviour is underspecified. Moreover, because the circuit is described at a high level, it
is difficult to identify the successor of a given state.
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Figure 19 Transition graph for a light bulb

State = of f iff
Ul —U2=Res X I1 &
IN+12=0 &
| 11| < Ithreshold.
State=on iff
Ul —U2=Res xI1 &
I1+I2=0 &
|I1| = Ithreshold &
[11] < Imax.
State = blowing iff
Ul —-U2=Res XI1&
I1+I2=0 &
|11} = Imax.

Figure 20 State definitions for a light bulb

6.3.2 Device models
Any device model consists of

® q static part defining the possible states of the device.
® a dynamic part defining the temporal aspects of the device behaviour.

The behaviour of the device is described in terms of a finite set of states, each of which is defined
using constraints. The constraints defining the states can be classified into constraints defining

o physical laws applying to the state (e.g., Ohm’s laws);
o conditions on the device physical values proper to the state (e.g., the current in one port is higher
than a threshold value).

The dynamic part defines temporal aspects of the device behaviour by defining

® the possible transitions between the device states;
e the events implied by the transitions; an event is a demand to fix up, or to restrict the possible
values of, the state of a device.

We now illustrate these principles on a simple example: a light bulb. We make use of state diagrams
where states are represented by circles and transitions by arrows. It is assumed that a state can be its
OWN SUCCESSOT.

The behaviour of the light bulb is approximated through three different states: on, of f and
blowing. The transition graph and the state definitions are shown in Figure 19 and Figure 20. The
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schedule(Circuit,Agenda,State) :-
empty (Agenda).

schedule(Circuit,0ldAgenda,01ldState) :-
notempty(Agenda),
impose_trans_constraints(0ldState,NewState),
apply_first_event(OldAgenda,NewState,Agenda,Now),
compute_newstate(Circuit,NewState),
update_agenda(0ldState,NewState,Agenda,NewAgenda,Now),
print_and_report(NewState,Now),
schedule(Circuit,NewAgenda,NewState).

compute_newstate(Circuit,Newstate) :-
Call=.. [Circuit]|NewState],
Call.

Figure 21 A meta program for the scheduler

states share two constraints expressing Kirchhoff’s current law and Ohm’s law. They differ by their
respective constraints on the current flowing through ports 1 and 2.
For each class of device, we define a predicate of the following form:

typeDevice(Name, State, Lparams, Lvalues)

where Name is the name of the particular device, State is the state of the device, Lparams is the
list of parameters of the device (e.g., an internal resistance), and Lvalues is the list of physical
values for the ports of the device.

A circuit is described by a clause whose body consists of goals representing its devices. The
connections are achieved through shared logical variables representing the physical values at the
connectors of the devices. We refer to a circuit nameCircuit by the predicate

nameCircuit(LStates)

where LStates is a list containing the states of the circuit devices.

6.3.3 The scheduler

The simulation is directed by a scheduler which makes use of an agenda containing the current set
of events to carry out. Events are the smallest relevant units of the simulation. Each event in the
agenda is characterized by a device identification, a set of possible states and the time at which the
action takes place. Initially, the agenda contains the set of external events. During the simulation,
state changes of some devices can introduce new internal events to be executed at a later step. The
scheduler behaviour is defined by the successive application of the following steps:

impose the constraints implied by the transition graph;
remove the first event from the agenda and apply it;
compute the new circuit state;

update the agenda;

report possible anomalies;

until the agenda is empty.

The scheduler is a meta-program whose definition is shown in Figure 21. The first clause defines
the halting condition. The second clause is the core of the scheduler.

The predicate impose_trans_constraints constructs the new state skeleton and imposes
the transition constraints. The state skeleton is a list of variables, one for each device. The variables
will be assigned to the states of the devices. The transition constraints prevent the device from
receiving a state that cannot be reached from the current state using the transition graph.

The predicate apply_first_event removes the first event in chronological order from the
agenda and applies it to the state skeleton.
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light_bulb(Name, off, [Res, Ithreshold, Imax],(I1, U1, I2, U2])«
Ul —U2=Res x I1,
I1+I2=0,
absolute_value(Il, Ilabs),
IlTabs <Ithreshold.
light_bulb(Name, on, [Res, Ithreshold, Imax],(I1, U1, I2, U2]) «
Ul —U2=Res x I1,
I1+I2=0,
absolute_value(Il, Ilabs),
Ilabs = Ithreshold.
Ilabs < Imax.
light_bulb(Name, blowing, (Res, Ithreshold, Imax],[I1, U1, I2, U2]) «
Ul —U2=Res X I1,
Itn+I2=0,
absolute_value(Il, Ilabs),
I7abs = Imax.

Figure 22 A CLP representation for the light bulb

The predicate compute_newstate is the core of the simulator. It computes a new consistent
circuit state. It constructs the call to the circuit and executes it. The way this computation is
achieved is the topic of the next section.

The predicate update_agenda adds to the agenda new events that might have been generated
by some transitons.

The last goal in the body is a recursive call to the scheduler with the new agenda and the new
state.

The above scheduler only finds one possible state at each simulation. In general, we are
interested in finding all possible states. There is no difficulty in generalizing the above program for
that purpose.

6.3.4 Implementation of device models

There are various approaches to implement the device model in a CLP language. A possible
implementation amounts to associating a clause to each state of the device. The body of the clause
contains the constraints defining the state. This is mainly the approach used in Heintze et al. (1987).
Using this representation, the light bulb can be implemented as depicted in Figure 22.

The problem with this representation is that it leads to a rather inefficient program for finding a
state of the circuit. The resulting program implements mainly a standard backtracking approach
exhibiting pathological behaviours. When the circuit is called for finding a consistent state, the
computation basically selects a state (a clause) for each device and checks if its constraints are
compatible with the constraint store coming from the assignment of states to the previous devices.
If they are consistent, it proceeds to the next device; otherwise, it backtracks and assigns another
state to the device. If no state is compatible, it goes back to the previous device and tries another
state for the device, and so on until a consistent assignment is found. The above process does not
use the constraints to prune the search space, i.e., to reduce the possible states of the devices.

However, by changing the representation of the devices, it is possible to achieve a much better
behaviour. The idea here is to use only one clause per device, to use the implication construct and
constraints over finite domains (to implement the states), and to state three kinds of constraints:

1 The physical constraints;
2 Value/state constraints that restrict the state of a device from information on its physical values;
3 State/value constraints that restrict the physical values of a device from information on its state.

Moreover, components with only one topology (e.g., the light bulb) only need the first two types of
constraints. The light bulb using this representation is depicted in Figure 23.
Note that the circuit cannot find a consistent state on its own with the above representation. It
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light_bulb(Name, State, [R, Ithreshold, Imax], [I1, U1, I2, U2]) «
I1+12=0,
U1l -U2=R=*1I1,
absolute_value(It, Ilabs),
Itabs < Ithreshold = State = off,
I1abs = Ithreshold = State # of f,
Ilabs < Imax/\ Iabs = Ithreshold = State = on,
Ilabs = Imax = State = blowing.
I0abs < Imax = State # blowing.

Figure 23 Another representation of the light bulb

should be executed in conjunction with a generator of values for the states. There is no difficulty in
generalizing the scheduler for that purpose.

6.3.5 Computation results

A program based on the above ideas has been applied to the simulation of hybrid circuits
containing hundreds of devices such as machine tools and landing gear of aircraft. A simulation
step requires about 1 or 2 seconds on a SUN-3 workstation. Note that the development of a similar
program in an imperative language would require a substantial development effort given the
variety of techniques used in the application.

7 Conclusion

This survey has attempted to convey some of the most important results emerging from research
CLP. We have reviewed the syntax and the declarative and operational semantics of the two main
classes of CLP languages: CLP languages (constraint solving) and ask and tell languages (constraint
solving + constraint entailment). Three constraint systems, included in the main CLP languages
implemented at the time of writing, have been studied in detail: Boolean algebra, linear rational
(resp. real) arithmetic, and finite domains. Significant applications of CLP languages over these
constraint languages have been described and include formal verification of digital circuits,
simulation of hybrid circuits and car-sequencing.

The paper has not tried to be comprehensive, but has tried to convey some of the main ideas,
concepts and methods behind CLP research. Beside the areas explicitly mentioned in the paper, we
should mention (without hope to be exhaustive)

® concurrent constraint programming (e.g., Saraswat & Rinard, 1990; Rossi, 1991);

® extensions to the framework: for instance, meta-constraint programming (Heintze et al., 1989;
Lim & Stuckey, 1990), constraint hierarchies (Montanari & Rossi, 1986; Borning et al., 1989),
dynamic constraint solving (Maher & Stuckey, 1989; Van Hentenryck, 1990), and forward rules
(Graf, 1989);

® parallel implementation (Van Hentenryck, 1989c), transformation, and analysis of CLP
programs (Smith & Hickey, 1990; Marriot & Sondergaard, 1990);

® complexity analysis of CLP programs (Kanellakis et al., 1990; Cox et al., 1990);

® relation to other LP languages such as Andorra (Haridi 1990).

8 Further reading

The reader interested in the theory of CLP should definitely consult the seminal paper of Jaffar and
Lassez (1987) and the paper by Saraswat et al. (1991). This paper provides an elegant denotational
semantics of ask and fell languages in terms of information systems and closure operators.

The reader interested in particular CLP languages should refer to the references given in section
3.4. See also the CACM issue of July 1990 and the special issue of Byte magazine on CLP (August
1987).
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The reader interested in applications of CLP should refer to the applications mentioned in
sections 5.1.4, 5.2.4 and 5.3.3, and to the special issue of the Journal of Logic Programming
(Volume 1-2, 1990).

The reader interested in application of CLP ideas to other fields related to Logic Programming
should consult Maher (1987) and Saraswat (1989) for concurrent logic programming, and
Kanellakis et al. (1990) for constraint query languages.

Finally most papers on CLP can be found in the proceedings of logic programming conferences
(ICLP, NACLP, ILPS) distributed by MIT Press, the Artificial Intelligence conferences (AAAI,
IJCAI), and the programming languages conferences (POPL, PLDI).
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