The
The Knowledge Engineering Review (2025), 40, e8, pp. 1-32 Enosct) CAMB RIDGE
doi:10.1017/50269888925100088 |Review UNIVERSITY PRESS

RESEARCH ARTICLE

Inductive inference from weakly consistent belief bases

Jonas Philipp Haldimann'? @, Christoph Beierle’ ©, and Gabriele Kern-Isberner*

Hnstitute for Logic and Computation, TU Wien, 1040 Vienna, Austria

2University of Cape Town and CAIR, 7700 Cape Town, South Africa

3Department of Mathematics and Computer Science, FernUniversitit in Hagen, 58084 Hagen, Germany
4Department of Computer Science, TU Dortmund University, 44227 Dortmund, Germany
Corresponding author: Christoph Beierle; Email: christoph.beierle @fernuni-hagen.de

Received: 26 December 2024; Revised: 25 October 2025; Accepted: 29 October 2025

Abstract

We consider nonmonotonic inferences from belief bases that contain conditionals enforcing some of the possible
worlds to be infeasible and thus completely implausible. In contrast to belief bases satisfying the strong notion of
consistency requiring every world to be at least somewhat plausible, we call such belief bases weakly consistent.
First, we review the treatment of weakly consistent belief bases by the seminal approaches of p-entailment, which
coincides with system P, and of system Z, which coincides with rational closure. Then we focus on c-inference, an
inductive inference operator that has been shown to exhibit many desirable properties put forward for nonmonotonic
reasoning. It is based on c-representations, which are a special kind of ranking model ordering worlds according to
their plausibility. While c-representation is defined for strongly consistent belief bases only, in this article, we extend
the notions of c-representation and of c-inference to cover also weakly consistent belief bases. We adapt a constraint
satisfaction problem (CSP) characterizing c-representations to capture extended c-representations, and we show
how this extended CSP can be used to characterize extended c-inference, providing a basis for its implementation.
We show various properties of extended c-inference and in particular, we prove that also the extended notion of
c-inference fully satisfies syntax splitting. Furthermore, we extend and evaluate credulous and weakly skeptical
c-inference to weakly consistent belief bases and provide characterizations for them as CSPs.

1. Introduction

Conditionals of the form ‘if A then usually B’ state a conneQction between the antecedent A and the
consequent B that is plausible, but that also carries uncertainty and is defeasible. A semantics for con-
ditional belief bases A consisting of a set of conditionals typically provides a means for ordering the
underlying possible worlds €2 according to their plausibility. Ranking functions « (Spohn, 1988) do this
by assigning a degree of implausibility to the worlds via a mapping « : 2 — N U {oo}; the higher the
rank k() of a possible world w, the less plausible or the more surprising it is, with a rank of infin-
ity indicating that a world is completely implausible. A ranking function ¥ models a conditional ‘if A
then usually B’, formally denoted by (B|A), if the verification of (B|A) is strictly more plausible than its
falsification, that is, if « (AB) < x(AB).

The well-known consistency test for conditional belief bases given by Goldszmidt and Pearl (1996)
yields a rather strong notion of consistency. It requires that for A to be consistent there must exist
a ranking function ¥ modelling all conditionals in A such that x assigns to each world w a natural
number k(w) < oo. Thus, this notion of consistency, which we will refer to as strong consistency in
the following, enforces that every world has at least some plausibility, that is, prohiting any completely
implausible world w with k (w) = co. Here, we will take a broader view on consistency of belief bases that
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allows that only a subset of worlds is considered feasible, while other worlds may be infeasible and thus
fully implausible, expressed by k (w) = 0o. Belief bases satisfying this generalized notion of consistency
are called weakly consistent (Haldimann et al., 2023). Contrary to strongly consistent belief bases that
only contain defeasible beliefs, weakly consistent belief bases can also contain strict beliefs (Casini &
Straccia, 2013). Such strict beliefs correspond to the requirement that some worlds are infeasible, forcing
all worlds w not satisfying a strict belief to have rank «(w) = co.

The significance of weakly consistent belief bases is given by their increased expressive power. In a
strongly consistent belief base, one can state that a formula A holds plausibly, but one can not express
that A definitely holds and that therefore —A is completely ruled out, while this can be expressed straight-
forwardly in a weakly consistent belief base. Thus, using the concept of weak consistency, one can also
realize reasoning from belief bases that contain both conditionals stating defeasible beliefs and formulas
in classical logic stating undefeasible strict beliefs.

Inductive inference from a conditional belief base A means to complete the set of explicit beliefs
given in A to an inference relation representing the beliefs entailed by A. The resulting inference relation
will contain both the beliefs stated explicitly in A as well as the beliefs entailed by A. Because A contains
defeasible beliefs, the resulting relation is a nonmonotonic inference relation. There is no generally
accepted ‘best” answer to the question what a belief base should entail (Lehmann & Magidor, 1992).
For formally capturing the process of inductive inference from A, the notion of an inductive inference
operator mapping each A to an inference relation p~, has been introduced (Kern-Isberner et al., 2020).
Employing the viewpoint of inductive inference operators, we will consider various inference methods
in this article, starting with the seminal p-entailment, that can be characterized by system P (Adams,
1975; Kraus et al., 1990), and Pearl’s system Z that has been shown to coincide with rational closure
(Lehmann, 1989; Goldszmidt & Pearl, 1996). We recall how these inductive inference operators deal
with weakly consistent belief bases and how characterizations of them can be used for implementing
them.

We then focus on the c-representations (Kern-Isberner, 2001, 2004) of a belief base A, a special
kind of ranking functions modelling A. c-Representations define inductive inference operators that sat-
isfy most advanced properties of nonmonotonic inference, particularly syntax splitting and conditional
syntax splitting (Kern-Isberner et al., 2020; Heyninck et al., 2023; Beierle et al., 2024). While initially
introduced only for belief bases satisfying the strong notion of consistency described above, in this
paper, we define extended c-representations that also cover belief bases satisfying the weaker notion of
consistency where some possible worlds may be assigned a rank of oo indicating them to be completely
infeasible according to A. This allows for realizing a kind of paraconsistent conditional reasoning based
on the strong structural concept of c-representations. The notion of c-inference was introduced in Beierle
et al. (2016a 2018) as nonmonotonic inference taking all c-representations into account, inheriting the
restriction that it is only defined for strongly consistent belief bases. Using extended c-representations,
we will introduce an extended version of c-inference that also covers weakly consistent belief bases.

The c-representations of a belief base A can be characterized by a CSP, and in Beierle et al. (2016a);
2018), it is shown that c-inference can also be realized by a CSP. Here, we develop both a CSP that
characterizes all extended c-representations and a simplified version of this CSP the solutions of which
still cover all c-representations relevant for c-inference. Furthermore, we show how extended c-inference
can be realized by a CSP.

An inductive inference operator satisfies syntax splitting if it satisfies the axioms of independence
(Ind) and relevance (Rel) (Kern-Isberner et al., 2020). While these axioms have been developed taking
only strongly consistent belief bases into account, here we employ versions of (Ind) and (Rel) adapted to
our setting of weakly consistent belief bases and prove that extended c-inference complies with syntax
splitting.

While c-inference is skeptical in the sense that it takes every c-representation of A into account, also
credulous and weakly skeptical c-inference have been introduced, the latter lying between the cautious
skeptical and the bold credulous reasoning method (Beierle et al., 2018; Beierle ez al., 2021). We intro-
duce extended versions of these inductive inference methods that cover also weakly consistent belief
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bases, characterize them by CSPs that can be used for implementations, and show how they relate to the
unextended versions requiring strong consistency.
In summary, the main contributions of this article are

« Compactly presenting the notion of weak consistency and how its treatment by p-entailment
(or system P) and system Z can be characterized and implemented;

« Generalizing the concept of c-representations to cover also weakly consistent belief bases and
characterizing them as solutions of a CSP;

« Extending c-inference by taking all extended c-representations of a belief base into account to
cover also weakly consistent belief bases;

« Modelling extended c-inference by a CSP, thus providing a basis for implementations;

« Proving that extended c-inference fully complies with the syntax splitting postulates for
inductive inference operators;

« Extending credulous and weakly skeptical c-inference to cover also weakly consistent belief
bases, modelling them by CSPs, and evaluating the resulting inductive inference operators.

This article is a revised and largely extended version of our FoIKS-2024 conference paper Haldimann
et al. (2024). The additions include in particlar the following aspects. We added full proofs for all
propositions and lemmas that have been left out in the conference paper. We elaborate methods for
checking weak consistency of a belief base and compactly recall how p-entailment and system Z handle
weakly consistent belief bases. We investigate conditional indifference of extended c-representations
and evaluate extended c-inference with respect to semi-monotony and rational monotony and weak-
ened versions thereof. Furthermore, we develop extended versions of credulous and weakly skeptical
c-inference and their modelling as CSPs, and we provide a map of all arising inference operators and
their interrelationships.

The remainder of this article is organized as follows: We recall the background on conditional logic
in Section 2 and inductive inference in Section 3. In Section 4, we elaborate and illustrate the different
kinds of consistency and address the treatment of weakly consistent belief bases by p-entailment and
system Z. We develop extended c-representations in Section 5, extended c-inference in Section 6, and
present a corresponding CSP-characterizations in Section 7. In Section 8, we address syntax splitting,
and Section 9 deals with credulous and weakly skeptical inference. In Section 10, we conclude and point
out future work.

2. Conditional logic

A (propositional) signature is a finite set X of propositional variables. Assuming an underlying signature
%, we denote the resulting propositional language by L. Usually, we denote elements of signatures
with lowercase letters a, b, c, ... and formulas with uppercase letters A, B, C,.... We may denote a
conjunction A A B by AB and a negation —A by A for brevity of notation. The set of interpretations over
the underlying signature is denoted as Q5. Interpretations are also called worlds and Q25 the universe.
An interpretation w € Qy is a model of a formula A € L if A holds in w, denoted as w |=A. The set of
models of a formula (over a signature X)) is denoted as Mod 5(A) = {w € Qx| w = A} or short as 4. The
¥ in Q5, L5 and Mod 5 (A) can be omitted if the signature is clear from the context or if the underlying
signature is not relevant. A formula A entails a formula B, denoted by A = B, if 2, C Q5. A formula A
is satisfiable if 2, # (). By slight abuse of notation we sometimes interpret worlds as the corresponding
complete conjunction of all elements in the signature in either positive or negated form.

A conditional (B|A) connects two formulas A, B and represents the rule ‘If A then usually B’, where
A is called the antecedent and B the consequent of the conditional. The conditional language is denoted
as (L|L)y ={(B|A) | A, B € Ls}. A finite set of conditionals is called a belief base. We use a three-
valued semantics of conditionals in this paper (de Finetti, 1937). For a world @ a conditional (B|A)
is either verified by w if  |=AB, falsified by w if  }=AB, or not applicable to w if @ = A. Popular
models for belief bases are ranking functions (also called ordinal conditional functions, OCF) (Spohn,
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1988, 2012) and total preorders (TPO) on Q25 (Darwiche & Pearl, 1997). An OCF « : Qs — N U {oo}
maps worlds to a rank such that at least one world has rank 0, that is, « ~'(0) # . OCFs have been first
introduced by Spohn (1988) in a more general form. The intuition is that worlds with lower ranks are
more plausible than worlds with higher ranks; worlds with rank oo are considered infeasible. OCFs are
lifted to formulas by mapping a formula A to the smallest rank of a model of A, or to oo if A has no
models. An OCF « is a model of a conditional (B|A), denoted as x = (BJA), if k(A) = oo or if k(AB) <
k(AB); k is a model of a belief base A, denoted as « = A, if it is a model of every conditional in A.
For ¥’ C ¥ the marginalization of a ranking function « : Q5 — N U {oo} to X’ is the ranking function
ks 1 Qs — NU {00} defined by «z/(0') = min{x(w) | 0z = o'}

Lemma 1. Let « : Qz — N U {00} be a ranking function. Let ¥' C ¥ and let k' = k5. Then, for any
formula A € Lx: we have that k(A) = k' (A).

Proof. We can obtain the models of A with respect to ¥ by extending the models of A with
respect to ¥’ by any possible valuation of X \ ¥, that is, Mod 3(A) = {(0® - @*) | @* € Mod 5/ (A), @’ €
Qs\w}. By definition, we have that «'(«’) = min{x(w) | w € Qs, Wy = @'} = min{k (0’ - &*) | " €
Q255 }. Therefore,

k(A) = min{k (0" - @") | ©* € Mod 5/(A), " € Q5\5/}

=min{k'(«') | @ € Mod 5/ (A)} = k'(A). O

Lemma 2. Let « : Qs — NU{oco} be a ranking function. Let ¥' C X and let ' =kx. Then, for
formulas A, B € Ly, we have that k |= (B|A) iff ¢’ = (B|A).

Proof. Using Lemma 1, we have «(A) = k'(A) and k(AB) = «'(AB) and k(AB) = k'(AB). Therefore,
k = (BJA) iff k' = (B|A). O

It is also possible to combine ranking functions k, k, over disjoint subsignatures X, ¥,. For
ki1 Qy, — NU{oo} and k, : Q5, = N U {oc}, the combination of «, and «,, denoted by kg = k| @ k>,
is defined by kg (w) = ki (w)x,) + K2(@)5,).

Lemma 3. Let X, X, be disjoint, let k, : Q5, — N U {00} and k, : Qx, = NU {00}, and let kg = k| B
k. For formulas A € Ly, B € Ly, it holds that k5(AB) = k1(A) + k»(B).

Proof. LetX =%, UX,. Because A € Ly, and B € Ly,, we have that Mod (AB) = {(0' - 0*) | ' €
Mod 5, (A), w* € Mod ,(B)}. Therefore, it holds that
Ko(AB) = min{ics(w) | @ € Mod 5(AB))
= minf{k,(®') + Ky (0”) | ®' € Mod 5,(A), »* € Mod 5,(B)}
=min{k, (") | 0' € Mod 5,(A)} + min{k,(«”) | ©* € Mod 5,(B)}

= Kk1(A) + Kk2(B). -

Lemma 4 (Kern-Isberner & Brewka, 2017). Let X, X, be disjoint signatures and let k, : Q5, — NU
{oo} and i, : 2z, — NU {00} be ranking functions. Let kg = k| @ k3. Then kg5, = K.

Proof. Let o' be any world in Q5. Let @* € Qy, such that k,(w?) = 0. We have that
Kz, (@) =minfk(®) |® € Qx, w5, =o'}
= min{Kl(wl) + Kz(w\):z) |we Q)
= Kl(wl)~
Equation () holds because we can choose, for example, w = (o' - ®?), resulting in x»(w;s,) =0. O

Lemmas 1-4 will be helpful when proving properties regarding syntax splitting in the sequel.
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(REF)  Reflexivity for all A € L it holds that A A
(LLE)  Left Logical Equivalence A=Band BprCimply ApC
(RW)  Right weakening BEC and A B imply ApC
(CM)  Cautious Monotony Ap B and A C imply ABC
(CUT) Ap Band AB C imply A C
(OR) AR C and B~ C imply (AVB) ~C

Figure 1. The system P postulates for nonmonotonic inference relations.

3. Inductive inference

The conditional beliefs of an agent are formally captured by a binary relation |~ on propositional for-
mulas with ApB representing that A (defeasibly) entails B; this relation is called inference or entailment
relation. Different sets of properties for inference relations have been suggested, and often the set of
postulates called system P (Adams, 1975; Kraus et al., 1990) is considered as minimal requirement for
inference relations. Inference relations satisfying system P are called preferential inference relations,
for details we refer to Adams (1975), Kraus et al. (1990), see Figure 1.

Every ranking function « induces a preferential inference relation p~, by

A B iff k(A)=o00 or k(AB) < k(AB). (D)

Note that the condition x(A) = oo in (1) ensures that system P’s axiom (Reflexivity): Ap~ A is satisfied
forA=1.
Regarding the inference induced by a marginalized ranking function, the following lemma holds.

Lemma 5. Let k : Qy — NU{oo} be a ranking function. Let ¥’ C X and let k' =«x. Then, for
formulas A, B € Ly we have that Ar~ B iff At~ B.

Proof. Using Lemma 1 we have «(A) = «'(A) and «(AB) = k'(AB) and «(AB) = k'(AB). Therefore,
Ab Biff Ar.B. U

Inductive inference is the process of completing a given belief base to an inference relation. To
formally capture this, we use inductive inference operators.

Definition 6 (inductive inference operator, Kern-Isberner et al., 2020). An inductive inference operator
is a mapping C: A — p~, that maps each belief base to an inference relation s.t. direct inference (DI)
and trivial vacuity (TV) are fulfilled, that is,

(DI) if (B|A) € A then Ab-AB, and
(TV) if A=0 and Af~AB, then A |=B.

An inductive inference operator C is a preferential inductive inference operator if every inference
relation p~, in the image of C satisfies system P.

p-Entailment (Adams, 1975; Kraus et al., 1990) C? : A +— (7 is the most cautious preferential induc-
tive inference operator. It is characterized by system P in the way that it only licenses inferences that
can be obtained by iteratively applying the rules of system P to the belief base. Every other preferen-
tial inductive inference operator extends p-entailment. While extending p-entailment and adding some
more inferences to the induced inference relations is usually desired, p-entailment can act as a basic
guidance for inferences of the form Ap~_L which can be seen as representations of ‘strict’ beliefs (i.e., A
is completely unfeasible).

Postulate (Classic Preservation) 1. (adapted from Casini et al., 2019). An inductive inference operator
C: A b, satisfies (Classic Preservation) if for all belief bases A and A € L it holds that AP, L iff
AP L.
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4. Consistency of belief bases

There are different definitions of consistency of a belief base in the literature, for example, Goldszmidt
and Pearl (1996), Giordano et al. (2015), Casini et al. (2019). To distinguish two different notions of
consistency that commonly occur and are both used in this paper, we call one notion of consistency
strong consistency and the other notion weak consistency, as suggested in Haldimann ez al. (2023).

Definition 7 (Haldimann et al., 2023). A belief base A is called strongly consistent if there exists at
least one ranking function k with k = A and k~'(00) = @. A belief base A is weakly consistent if there
is a ranking function k with k = A.

Thus, A is strongly consistent if there is at least one ranking function modelling A that considers all
worlds feasible. This notion of consistency is used in many approaches, for example, Goldszmidt and
Pearl (1996). The notion of weak consistency is equivalent to the more relaxed notion of consistency
that is used in, for example, Giordano ef al. (2015), Casini et al. (2019). Trivially, strong consistency
implies weak consistency.

Example 8. Let X = {a, b, ¢, d}. The belief base A, = {(L|T)} is not weakly consistent. If there were
any ranking function k with k = A, then there would be a world w such that k(w) =0 and there-
Jore k(T)=0. For k to model (L|T), we need k(T A L) <«(T AT)=0, which is clearly impossible.
A, ={(L|a), (bla), (b|a)} is also not weakly consistent. The conditional (L|a) enforces that for every
ranking function k with k = A, and any model w of a we have k(a) = cc. The conditionals (b|a), (b|a)
in combination enforce that the rank of any model of a must have rank infinity. Because every ranking
function must assign rank 0 to at least one world, there is no ranking function modelling A,. Because
Ay and A, are not weakly consistent, they are not strongly consistent.

The belief bases Ay = {(E|5), (bla)} and Ay = {(L|a)}, both subsets of A\,, are weakly consistent but
not strongly consistent. A requires all ranking functions modelling it to assign rank oo to models of a,
and A, requires all ranking functions modelling it to assign rank oo to models of a.

The belief base As = {(bl|a), (d|c)} is strongly consistent and thus also weakly consistent.

Lemma 9. For every weakly consistent belief base A there is an w € Q2 such that o does not falsify any
conditional in A.

Proof. Because A is weakly consistent, there is a ranking function ¥ with ¥ = A. Let w € k~'(0).
Towards a contradiction, assume that there is a (B|A) € A that is falsified by w, that is, w = AB. For k
to accept (BJA) it must be either k(A) = oo or k(AB) < «(AB). Because w =A and «(w) =0 we have
Kk (A) # 0o. Because «x(AB) < 0 and there are no ranks below 0 the condition «x (AB) < k(AB) does not
hold. This is a contradiction; hence, @ does not falsify any conditional in A. g

Lemma 10. Let A be a belief base. If there is an w € Q such that w does not falsify any conditional in
A, then A is weakly consistent.

Proof. Assume there is a world w* that does not falsify any conditional in A. Then

0 ifo=o"
K(w) = :
oo otherwise

is a model of A. Therefore, A is weakly consistent. O

An interpretation w falsifies a conditional (B|A) iff it is not a model of its material implication coun-
terpart A — B, which is equivalent to —A Vv B. Therefore, Lemmas 9 and 10 imply that checking a belief
base for weak consistency can be reduced to a single SAT check.

Proposition 11. A belief base A is weakly consistent if

/\ -AVB

(BilApeA

is satisfiable.
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The original definition of an inductive inference operator in Kern-Isberner er al. (2020) implicitly
assumes all belief bases to be strongly consistent. However, the definition can be extended to cover all
belief bases. Some inductive inference operators known from literature are defined only for strongly
consistent belief bases, while other operators are defined for all belief bases. In particular, inference
operators of the second type are able to draw inferences from all weakly consistent belief bases. For
example, system Z is an inductive inference operator that is defined based on the Z-partition of a belief
base. It was first defined for strongly consistent belief bases (Pearl, 1990). Then an extended version of
system Z was introduced (Goldszmidt & Pearl, 1990) that also covers weakly consistent belief bases and
that was shown to be equivalent to rational closure (Lehmann, 1989) in Goldszmidt and Pearl (1990).

Definition 12 ((extended) Z-partition). A conditional (B|A) is tolerated by A ={(Bi|A) |i=1,...,n}
if there is a world w € Q2 such that w verifies (B|A) and w does not falsify any conditional in A, that is,
wlEABand o = \_, (A; V By).

The (extended) Z-partition EZP(A) = (A%, ..., A¥, A®) of a belief base A is the ordered partition
of A constructed by letting A" be the inclusion maximal subset of | J,_; A that is tolerated by | J,_; N
until A" = (. The set A is the remaining set of conditionals containing no conditional tolerated by
AN

Because the A’ are chosen inclusion-maximal, the Z-partition is unique (Pearl, 1990).

Definition 13 ((extended) system Z). Let A be a belief base with EZP(A) = (A°, ..., A*, A®). If A is
not weakly consistent, let A B for any A, B € L. Otherwise, the (extended) Z-ranking function k3 is
defined as follows: For w € Q, if a conditional in A* is applicable to w define k}(w) = oo. If not, let
A be the last element in EZP(A) that contains a conditional falsified by w. Then let ki(w)=j+ 1. If ®
does not falsify any conditional in A, then let 5 (w) = 0. (Extended) system Z maps A to the inference
relation % induced by k5.

For weakly consistent belief bases A the OCF « is a model of A. For strongly consistent belief bases
extended system Z coincides with system Z in Pearl (1990), Goldszmidt and Pearl (1996).

Lemma 14 (Haldimann et al., 2023). For a weakly consistent belief base A and a formula A we have
K5 (A) = o0 iff AP L.

Lemma 15 (Haldimann et al., 2023). Let A be with EZP(A) = (A%, ..., A", A®). A world w € Q
falsifies a conditional in A® iff a conditional in A*° is applicable in w.

Proof. Direction =: Assume that w falsifies a conditional in A*. Then this conditional is applicable
for w.

Direction <: Assume that at least one conditional (B|A) € A is applicable in w. There are two
possible cases: Either w falsifies one of the other conditionals in A* or not. In the first case the lemma
holds. In the second case, towards a contradiction, we assume that @ does not falsify (B|A). If (BJA) is
applicable in w and w does not falsify (B|A) then @ must verify (B|A). That implies that (B|A) is tolerated
by A* which contradicts the construction of EZP(A). U

It is well-known that the construction of the extended Z-partition EZP(A) is successful with A* = ¢
iff A is strongly consistent (Goldszmidt & Pearl, 1996). We can also use the extended Z-partition to
check for weak consistency. The following proposition summarizes the relations between EZP(A) and
the consistency of A.

Proposition 16. Let A ={(B,|A)), ..., (B.IA,)} be a belief base with EZP(A) = (A°, ..., A¥, A™).

1. A is strongly consistent iff A= = (.
2. A is weakly consistent iff A° A orA,Vv---VA,£=T.
3. A is not weakly consistent iff A=A andA, Vv ---VA,=T.
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Continuing Example 8, for the not weakly consistent A, we have EZP(A,) = (A$°) with AY® = A and
aVava=T.Forthe weakly consistent A; we have EZP(A;) = (AY’) with AY® = A buta # T. For the
strongly consistent A; we have EZP(A,) = (AY) with A} = A and A = 0.

The extended Z-partition EZP(A) can be computed with the algorithm provided by Pearl (1990).
Having EZP(A) at hand, «3 can be computed directly along the lines of Definition 13, leading to an
implementation of system Z inference induced by « for every weakly consistent belief base A.

For p-entailment with respect to strongly consistent belief bases, it is well known that the relation
AR B holds iff A U {(BJA)} is not strongly consistent (Goldszmidt & Pearl, 1996). Obviously, this
characterization of p-entailment is not applicable for belief bases that are only weakly consistent. For
p-entailment with respect to a weakly consistent belief base A, Lehmann and Magidor (1992), p. 41,
say that Dix pointed out to them how rational closure, and thus extended system Z, yields a method for
deciding whether AR, B holds. We state this observation in the following proposition.

Proposition 17 (Lehmann & Magidor, 1992, p. 41, adapted). Let A ={(B,|A)),...,(B,|A,)} be a
weakly consistent belief base, and let A, B be formulas. Then the following holds:

APAB iff ARG, L where A'= A U{(BJA)} 2)
An immediate consequence of Proposition 17 is the following.

Proposition 18. Let A ={(B,]A)), ..., (B,|A,)} be a weakly consistent belief base, and let A, B be
formulas. Then the following holds:

APAB iff k5,(A) =00 where A'= A U{(B|A)} 3)

Proof. The claim follows from Proposition 17 because for every ranking function «, the relation

Ap~, L iff k(A) = oo holds according to Equation (1). O

Hence, an implementation of (extended) system Z and its underlying ranking function can be used to
obtain an implementation of p-entailment, and thus of system P, for every weakly consistent belief base.

5. Generalizing c-representations

c-Representations are a special type of ranking model of a belief base. They are obtained from natural
number impacts associated with the conditionals in the belief base that can be seen as penalty points for
worlds falsifying the corresponding conditional.

Definition 19 (c-representation, Kern-Isberner, 2001, 2004). A c-representation of a belief base A =

{(B|A)), ..., (B,|A,)} over X is a ranking function k; constructed from integers n=W,...,n,), also
called impacts, with n; e Ny, i € {1, . . ., n} assigned to each conditional (B;|A;) such that k; accepts A
and is given by:
k@)=Y . )
1<i<n
wE=A;B;

We will denote the set of all c-representations of A by Mod ().

Note that the impact »n; assigned to the conditional (B;]|A;) decreases the plausibility of a world w if
o falsifies (B;|A;), and that the rank of w under the c-representation «; induced by the impact vector 7
is the sum of the impacts assigned to the conditionals which are falsified by w.

A belief base A that is not strongly consistent has no c-representation: by Definition 19, a
c-representation of A is a finite ranking function modelling A; if A is not strongly consistent, such
aranking function cannot exist. For belief bases that are only weakly consistent, we need a more general
definition of c-representations. A ranking function that is a model of a weakly but not strongly consis-
tent belief base must assign rank oo to some worlds. To achieve this while keeping a construction of
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Table 1. Verification (v) and falsification () of the conditionals in
A from Example 21 and their corresponding impacts. The ranking
Sunction «; induced by the impacts 1 = (n,, 15, 13) = (00, 1, 00) is an
extended c-representation for A

w blp) (f1b) ®lp) impact on @ ki (w)
bpf % v f N3 00
bpf v f f m+ 1 00
bpf — v — 0 0
bef - f - 2 !
bpf f — % n 00
bpf f - v n 00
bpf - - - 0 0
bpf — — - 0 0
impacts: M 2 UE

n 00 1 00

c-representations similar to the one given in (4), we extend the definition of c-representations to allow
infinite impacts.

Definition 20 (extended c-representation). An extended c-representation of a belief base A = {(B,|A,),

..., (B,|A))} over T is a ranking function k; constructed from impacts 7= (1, , ... ,n,) withn; € Ny U
{oo}, i€ {l,...,n} assigned to each conditional (B;|A;) such that k; accepts A and is given by
Ki(@)= Y 1, )
1<ign
wk=A;B;

We will denote the set of all extended c-representations of A by Mod §{(A).

Example 21. Let ¥ = {b, p,f} and A ={(b|p), (f|b), (b|p)}. Note that A is weakly consistent but not
strongly consistent. The OCF «; displayed in Table 1 is an extended c-representation of A induced by
the impacts 1 = (00, 1, 00).

Every c-representation of a strongly consistent belief base A is obviously an extended
c-representation of A, and every weakly consistent belief base has at least one extended
c-representation.

Proposition 22. Let A be a strongly consistent belief base. Every c-representation k; of A is an extended
c-representation of A.

Proposition 23. Let A be a weakly consistent belief base. Then k; with 7j = (0o, . . ., 00) is an extended
c-representation of A.

Proof. Because A is weakly consistent, there is at least one world w € Qy that does not falsify any
of the conditionals (see Lemma 9). This implies «;(w) = 0. Thus, «; is a ranking function.

For every (B|A) € A it holds that K,;(AI_B) = oo because every model of AB falsifies the conditional
(BJA) with impact oo. For «;(AB) we have either (1) x;(AB) =0 or (2) k;(AB) = co. In case (1) we have
K5(AB) = 0 < 00 = k;(AB). In case (2) we have k;(AB) = oo and «;(AB) = 0o and therefore k;(A) = 0o
because «;(A) = min{«;(AB), K;,(AE)}. In both cases, «; accepts (B|A). Thus, ; = A. |

Proposition 23 also illustrates that in extended c-representations worlds may have rank infinity with-

out the belief base requiring this. In an extended c-representation of A only those worlds need to have
rank infinity that have rank infinity in the z-ranking «3 of A. This is shown in the following two lemmas.
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Lemma 24. Let A be a weakly consistent belief base. If K (w) = oo for a world w, then k;(w) = oo for
all extended c-representations k; of A.

Proof. Assume that k% (w) = 0o. Let EZP(A) = {A°, ..., A™, A™} be the extended Z-partition of A.
By definition of «; there exists a conditional (B|A) € A* s.t. w = A. Because (B|A) € A* the conditional
(BJA) is not tolerated by A*, so there is a conditional (B'|A") € A* that is falsified by w (this can be (B|A)
again).

Towards a contradiction assume that there is a c-representation «; of A with k;(w) < 0o. As k; models
A and thus also (B'|A’) there must be a world ' that verifies (B'|A’) and satisfies «;(@') < k;(w). With
the same argumentation there must be another conditional (B'|A') € A™ that is falsified by ', and
another world w, that verifies (B'|A") and satisfies k;(w?) < k;(w'). Repeating this argumentation, we

obtain an infinite chain of worlds w,, w,, ... s.t. k3(w;) > k;(w,) > . ... But as there are only finitely
many worlds (and also because there are only finitely many ranks below «;(w;)) such a chain cannot
exist. Contradiction. 0

Lemma 25. Let A be a weakly consistent belief base. There is a c-representation k; of A with k;(w) <
oo for all worlds w with k (w) < oo.

Proof. Let A={(B|A),...,(B,|JA,)} be a weakly consistent belief base. Let EZP(A)=
(A%, ..., A", A>} be the extended Z-partition of A. Construct an impact vector 77 for A as follows. Let
w=1and W =|AU-- - UA . w '+ 1forj=1,...,m. For (B;|A;) with (B;]A;)) € AV let ;= W/
for j < 0o and n; = oo for j = 0o. By construction, for worlds  that do not falsify a conditional from
ANU---UA™U A™ we have k;(w) < (.

k7 is a c-representation of A: Let (B;|A;) be any conditional in A. If (B;|A;) € A® then «x}(A;) =00
by the definition of «} which implies with Proposition 26 that «;(A;) = 0o and therefore «; = (B;|A;).
Otherwise, we have (B;|A;) € A/ with j < co. Then for any world o' falsifying (B;|A;) we have «;(w) > w/;
hence Kﬁ(AiE) > ;. Because (B;]A;) € A/, there is a world o’ that verifies (B;|A;) and does not falsify a
conditional in A’ U - --U A™U A*. Therefore, x;(A;B;) < 14;. Thus, k7(A;B;) < u; < K,;(A,-E—) and k5 =
(Bi|A).

Furthermore, it holds that «;(w) = oo iff w falsifies a conditional in A*. Therefore, k;(w) < oo for
all worlds w with &3 (w) < co. O

Lemmas 24 and 25 can be summarized by the following proposition.

Proposition 26. Let A be a weakly consistent belief base. If k'’ (w) = 00 for a world w, then k;(w) = 00
for all extended c-representations k5 of A.

Moreover, there is an extended c-representation k; of A with k;(w) < oo for all worlds w with
ki(w) < o0.

As a consequence of this proposition, for a weakly consistent A, there is an extended c-representation
k5 such that «;(w) < 00 iff 5 (w) < oo. Using Lemma 14, we have «;(w) < oo iff w does not entail L
with p-entailment.

Lemma 27. Let A be a weakly consistent belief base. There is an extended c-representation k; of A
such that for all @ € Q we have k;(w) < 00 iff W L, where the world w is considered as a formula on
the right side of the “iff’.

Another consequence of Proposition 26 is the following.

Proposition 28. Let A be a belief base with EZP(A) = {A°, ..., A", A*}, and let w € 2. We have that
k(w) = oo for all k € Mod § iff w = A for some (B|A) € A*.

Proof. Direction = If «(w) = oo for all ¥ € Mod ¥, then there is no «; € Mod § with «;(w) < oo.
With Proposition 26 this implies «5 (w) = oo. By Definition 13, this is the case if a conditional in A* is
applicable for w.
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Direction < Assume w |=A for some (B|A) € A*. Then «}(w) = oo and with Proposition 26 we
have «(w) = oo for all k e Mod . O

When general c-representations were introduced in Kern-Isberner (2001), they were shown to be
conditionally indifferent with respect to the inducing knowledge base. Very briefly, conditional indif-
ference is an invariance property for models of a knowledge base which claims that possible worlds
should be assigned the same semantic value if they behave the same with respect to the conditionals in
the knowledge base, that is, if they verify and falsify exactly the same conditionals. Equivalently, this
means that any difference in the semantic evaluation of two worlds can be explained by differences in the
conditional-logical evaluation of the worlds with respect to the knowledge base. This links the numerical
values assigned to worlds clearly to the logical structure provided by the conditionals in the base.

We adapt a simplified version of conditional indifference to the setting of inducing ranking models
from weakly consistent knowledge bases on which we focus in this paper.

Definition 29 (conditional indifference, adapted from Kern-Isberner, 2001). Let A be a conditional
belief base and let k : 2 — N U {oo} be a ranking function. Then « is conditionally indifferent with
respect to A, if the following two conditions hold:

1. If k(w) = o0, then there is a conditional (B|A) € A that is either falsified in or not applicable
to w, and k(") = 00 for every o' € 2 that behaves the same with respect to (B|A) as w, that is,
(B|A) also falsifies resp. is not applicable to «'.

2. k(w) =k (') for every w, o' € 2 that verify and falsify exactly the same conditionals in A.

The following proposition shows that also extended c-representations of weakly consistent knowledge
bases satisfy conditional indifference.

Proposition 30. Let A be a conditional belief base and let k : Q2 — NU {00} be an extended c-
representation of A. Then the following two conditions hold:

1. If k(w) = oo, then there is a conditional (B|A) € A that is either falsified in or not applicable
to w, and k(w") = 00 for every o' € Q2 that behaves the same with respect to (B|A) as w, that is,
(B|A) also falsifies resp. is not applicable to '.

2. k(w) =k (') for every w, o' € 2 that verify and falsify exactly the same conditionals in A.

Proof. Ad 1: Let w be a world with k(w) = co. Because k(w) is the sum of the impacts of the
conditionals falsified by @ and A is finite, w must falsify at least one conditional (B;|A;) with impact
n; = oo. This (B;]A;) satisfies the first part of condition (1). Moreover, all worlds «’ that also falsify
(B;]A;) will have rank x(w’) = 0o, too. Therefore, also the second part of condition (1) is satisfied by
(B,|A)), and the condition holds.

Ad 2: The rank «(w) of a world @ only depends on which conditionals in A the world falsifies.
Therefore, if two worlds w, @' verify and falsify the same conditionals in A they will have the same
rank. O

With extended c-representations we can now define extended c-inference.

6. Extending c-inference
c-Inference (Beierle ef al., 2016a; 2018) is an inference operator taking all c-representations of a belief
base A into account. It was originally defined for strongly consistent belief bases.

Definition 31 (c-inference, p~< Beierle et al., 2016a). Let A be a strongly consistent belief base and let
A, B be formulas. B is a c-inference from A in the context of A, denoted by A~ B, iff A~ B holds for
all c-representations k of A.

Now we use extended c-representations to extend c-inference for belief bases that may be only weakly
consistent.
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Definition 32 (extended c-inference, ~%). Let A be a belief base and let A,B € L. Then B is an
extended c-inference from A in the context of A, denoted by Ar-4B, iff Ab~.B holds for all extended
c-representations k of A.

First, let us verify that extended c-inference is indeed an inductive inference operator that coincides
with c-inference for strongly consistent belief bases.

Proposition 33. Extended c-inference is an inductive inference operator, that is, it satisfies (DI) and
(TV).

Proof. We need to show that extended c-inference satisfies (DI) and (TV). (DI) is trivial: Every c-
representation of A accepts the conditionals in A by definition. Therefore, Ar'B for every (BJA) € A.
(TV) is also clear: For A =, the only c-representation is «, with «,(w) =0 for all ® € €. In this case,
K, accepts only conditionals (B|A) with AB = L, which are conditionals with A = B. O

Proposition 34. For strongly consistent belief bases, extended c-inference coincides with normal c-
inference.

Proof. Let A ={(B,|A)), ..., (B,|A,)} be a strongly consistent belief base and C, D € L. We need
to show that ChD iff Ch{D.

Direction =: Let Ch-<D, that is, every extended c-representation models (D|C). As every c-
representation is an extended c-representation (Proposition 22), every c-representation models (D|C).
Thus, D, C.

Direction <: Let Ch{ D, that is, every c-representation models (D|C). We need to show that any
extended c-representation «; models (D|C). If 7} contains only finite values, it is a c-representation and
thus models (D|C) by assumption.

Assume that 7 contains infinite entries. Let OP(A) = {A°, ..., A", A®} be the extended tolerance
partition of A. Because A is strongly consistent, we have A® = @. Let fin(n) = {n; | i € {0, ... ,n},n; <
oo} be the set of finite values in impact vector 7 and fy = 1 + |fin(5j)| - max (fin(ij)). Now construct 7"
from 7 as follows. For (B;|A;) € A° with n, = oo let ] =f;. Let f, = (f, + 1) - [{(Bi|A)) € A° | ; = 00})|.
For (B;|A;) € A" with ;=00 let 7l =f,. Let o =(f, + 1) - |{(B,~|A,~) eA|n= oo}|. For (B;|A)) € A!
with n; = oo let i1/ = f»; and so on. By construction the sum of the impacts in fin(7j) is less than f, and
the sum of the impacts of the conditionals in A°U - - - U A/ is less than f; for j =0, ..., m.

Let «” = k;r. Now verify that:

1. «/ is a c-representation of A. For this we need to check that ¥/ models all conditionals in A.
2. b, C hﬁ, that is, every inference in f,s is also an inference in p~,..

From (1) it follows that &’ is a model of (D|C) because Cr4D. With (2.) it follows that (D|C) is
modelled by ;.

Ad (1): Let (B;]A;) € A. We distinguish three cases.

Case 1: k;(A;B;) < k;(A;B;) < 00

In this case «/(A;B;) < «/(A;B;) < f, and therefore «’ |= (B;|A)).

Case 2: k;(A;B;) < 00 and K,—,(A,-E) =00

In this case «/(A;B;) < fy < k' (A;B;) and therefore «/ |= (B;|A;).

Case 3: k;(A;B;) = oo and «;(A;B;) = 00

Assume that (B;|A;) is in A/. Then there is a world w s.t. w |=A;B; and w falsifies no conditional in
A°U - -U A, Therefore, k/(w) < f; and thus «/(A;B;) < f,. Any model of A;B, falsifies (B,|A;), therefore,
«/(A;B;) > f;. Thus, we have «/(A;B;) < f, < «/(A;B;) and therefore «/ = (B;|A)).

Ad (2): Assume that Xt~/ Y. There are two cases.

Case 1: «/ (XY) < f,

In this case «/(XY) < k/(XY) < f; and therefore «;(XY) < k;(XY) < oo. Hence, X M Y-

Case 2: «/ (XY) > f;

In this case «;(XY) = 0o and therefore X, Y. O
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Because extended c-inference is defined as skeptical inference over a set of ranking functions it is
also a preferential inference operator.

Proposition 35. Extended c-inference is preferential, that is, it satisfies system P.

Proof. Every ranking function, and thus every extended c-representation, induces a preferen-
tial inference relation. The intersection of two preferential inference relations is again preferential.
As extended c-inference is the intersection of the inference relations induced by each extended
c-representation, extended c-inference is preferential. ([

Proposition 35 implies that extended c-inference captures p-entailment, that is, if Ar, B, then AP B.
Furthermore, extended c-inference coincides with p-entailment on entailments of the form Ap~_L, which
can be seen as representations of ‘strict’ beliefs (i.e., A is completely unfeasible).

Proposition 36. Extended c-inference satisfies (Classic Preservation).

Proof. We need to show that A< L iff AR, L. Using Lemma 14, it is sufficient to show that Ap-¢¢ L
iff K%(A) = o0.

Direction <=: Let «;(A)=o00. Then Proposition 26 states that «;(A) =oo for every extended
c-representation «;(A) of A. Thus, AR L.

Direction =: Let AP~ L, that is, there is no extended c-representation «; of A s.t. k;(A) < 0o. By
Proposition 26, we have k3 (A) = oo. O

Besides Cautious Monotony (CM) ensured by system P, other postulates capturing versions of
monotony have been introduced. One of these is Rational Monotony (Kraus et al., 1990) which in com-
bination with system P characterizes the class of inference relations that can be induced by ranking
functions (Lehmann & Magidor, 1992).

(RM) Rational Monotony APB and Al C imply AC~B

Another monotony postulate is Semi Monotony (Reiter, 1980; Goldszmidt & Pearl, 1996), which
states that the set of possible inferences only increases if conditionals are added to the belief base.

(SM) Semi Monotony A C AN and ArABimply Ao B

Extended c-inference does not satisfy (RM) as c-inference already violates (RM) (Beierle et al.,
2019a). Analogously, extended c-inference does not satisfy (SM) (Kutsch, 2021). However, we can show
that extended c-inference satisfies weaker versions of these two postulates: weak Rational Monotony
(Rott, 2001) and weak Semi Monotony (Wilhelm et al., 2024).

(WRM) weak Rational Monotony TrBand ThA imply Ar-B
(WSM) weak Semi Monotony A C A and T aBimply ThaB

c-Inference satisfies weak rational monotony (Beierle et al., 2019a), and this also holds for the extended
version.

Proposition 37. Extended c-inference satisfies (WRM).

Proof. Let A be a belief base with TH<B and T|~<A. If A is not weakly consistent, A%B holds
trivially. For the remainder of the proof assume that A is weakly consistent. Let ¥ be any extended
c-representation of A, and let .,,, = ¥ ~'(0) be the set of worlds with rank 0 with respect to «. Then,
T B implies that «(B) < «(B) and therefore that for every w € 2., we have o = B. Because T%"A”Z
there is at least one w € 2., with w = A. This w is a model of AB implying that k (AB) = 0. We also have
that x (AB) > 0 because there are no models of B with rank 0. In summary, we have K (AB) =0 < k(AB)
implying that A~ B. Because the c-representation x was chosen arbitrarily, we have Ap~¢'B. U

While c-Inference and its extended version fail to satisfy semi monotony (Kutsch, 2021), both satisfy
the only recently introduced (Wilhelm et al., 2024) weaker notion of it.

Proposition 38. c-Inference and extended c-inference satisfy (wSM).
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Proof. We first show that extended c-inference satisfies (WSM). Let A, A’ be belief bases with A C
A’ and Tr¥B. If A’ is not weakly consistent, T 4B holds trivially. For the remainder of the proof
assume that A’ and therefore also A is weakly consistent. Let «” be an extended c-representation of A,
and let Q.,,, = «'~'(0) be the set of worlds with rank 0 with respect to «’. Let w be any world in _,,,.
Because «’ = A’, the world w cannot falsify any conditional in A’. Thus, w also does not falsify any
conditional in A. Let « be an extended c-representation of A. Because w does not falsify any conditional
in A, we have k(w) =0. Since Th4B implies that «(B) < x(B), we have o |=B. As w was chosen
arbitrarily, every world in 2, is a model of B. Thus «’(B) =0 < «'(B), implying T~ B. Because «’
was chosen arbitrarily among the extended c-representations of A’, we have T % B.

Since c-inference and extended c-inference coincide for strongly consistent belief bases, c-inference
satisfies (WSM) as well. O

In summary, we showed that extended c-inference is the natural extension of c-inference to weakly
consistent belief bases.

7. CSPs for extended c-representations

In this section, we investigate CSPs dealing with extended c-representations. In Section 7.1, we present
a constraint system describing all extended c-representations of a belief base. Then we develop a sim-
plification of this constraint system that takes the effects of conditionals in A* into account right from
the beginning. In Section 7.2, we show how extended c-inference can be realized by a CSP.

7.1. Describing extended c-representations by CSPs

The c-representations of a belief base A can conveniently be characterized by the solutions of a CSP
(Kern-Isberner, 2001). In Beierle et al. (2018), the following modelling of c-representations as solutions
of a CSPis introduced. For abelief base A = {(B,|A;), . . . , (B,]A,)} over X the CSP for c-representations

of A, denoted by CRx(A), on the constraint variables {#n,, ..., n,} ranging over N, is given by the
constraints cr?, forall i € {1, ..., n}:
. . A
o> min Yo — min Yo, (cr?)
oEAB;  j# wEAB; JF
wEA|B; wkEA|B;

The constraint (cr®) is the constraint corresponding to the conditional (B;|4;). The sum terms are
induced by the worlds verifying and falsifying (B;|A;), respectively. A solution of CRs(A) is an n-
tuple (1y,...,n,) € Nj. For a constraint satisfaction problem CSP, the set of solutions is denoted by
Sol(CSP). Thus, with Sol(CRx(A)), we denote the set of all solutions of CRx(A). The solutions of
CRs(A) correspond to the c-representations of A.

Proposition 39 (soundness and completeness of CRys(A), Beierle et al, 2018). Let A=
{(Bi|A), ..., (B,A))} be a belief base over . Then we have:

Mod 3 (A) = {k; | 1 € Sol(CRz(A))} 6)

If we want to construct a similar CSP for extended c-representations, we have to take worlds and
formulas with infinite rank into account.

Definition 40 (CR3(A)). Let A ={(B1|A1), . . ., (B,|A,)} be a belief base over ¥. The CSP for extended

c-representations of A, denoted by CR(A), on the constraint variables {n,, . . ., n,} ranging over Ny U
. . A . )
{oo} is given by the constraints cri*®, foralli e {1, ..., n}:
min E ;=00 or 17 > min E ; — min E ; cred
wey 77! 7], weRy nj weRy 77! ( ! )
oEA;  1<j<n wEAB; A wEAB; J#

wEA;jB} wEA;B) wEAB;
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Again, each constraint (cr**) corresponds to the conditional (B;|A;) € A.

Proposition 41 (soundness and completeness of CRS(A)). Let A = {(B,|A)), . . ., (B,|A,)} be a weakly
consistent belief base over X. Then we have

Mod$5(8) = {x; | i € Sol( CRE(A) @

Proof. Soundness: Let 7 be an impact vector in Sol(CRS (A)). Because A is weakly consistent, there
is a world w that does not falsify any conditional in A; therefore, «;(w) = 0 and «; is a ranking function.
It is left to show that «; satisfies all conditionals in A.

Let (B;]A;) € A. There are three cases.

Case 1: «;(A;B;) = 00 and k;(A;B;) = 00

In this case «;(A;) = oo and therefore «; = (B;|A)).

Case 2: «;(A;B;) = oo and k;(A;B;) < 00

In this case, K;,(A,-E > k;(A;B;) < oo and therefore «; = (B;|A;).

Case 3: K,;(A,—E,-) < 0

In this case, MiNwees Y 1<j<n 1 = «;(A;B;) < 00; hence, the condition in (cre*®) before the or is not
wEA; wl:A,'BT
satisfied.

Because 7] € Sol(CRE(A)) it must satisfy all constraints in CRE(A) including (cre*). Because the
condition before the or is violated, it must hold that

; > min E ; — min E ;
i weQy nj weQy nj

wEAB;  JFL wE=AB;  JF_

wkEA;B; wkE=AjB;j
& i min E ; min E ;
nl weRy — nj weQy — ’7]

wE=AB; T wEAB;  JFi_

wEAB; oA
& min E ; min E i
weRy n” weQy nj

w=AB; 1SSt wEAB; 1j<n

wkEA;B; wk=A;B;j

N ki (AiB) > Kk;(A;B))

and therefore «; = (B;|A;).

Completeness: Let «; be an extended c-representation of A with impact vector 7. We need to
show that 7j € Sol(CR3(A)), that is, that 7} satisfies every constraint (cr®) in CRS(A). Because k; is
an extended c-representation of A, we have «; |=(B;|A;). This requires either (1) «;(A;) =00 or (2)
K5(A:B;) > k;(A;B)). In case (1), it is minweey Y 1<j<n 1; = k5(A;B;) = 0o and the condition before the

wFA; wkE=A;B;j
or in (cr¢*) is satisfied. In case (2), we can see with the equivelence transformations in the Soundness
part of this proof that the condition behind the or is satisfied. In both cases 7 satisfies (cr*). O

The requirement for weak consistency in Proposition 41 is necessary because for a belief base A that
is not weakly consistent it holds that CMod’, = { but Sol(CR;;(A)) = {(c0, ..., 00)}.

The resulting CSP CR7(A) is not a conjunction of inequalities any more, but it now contains disjunc-
tions and is thus more complex. However, for the computation of extended c-inference, we can construct
a simplified CSP CRS5 (A) that still yields all extended c-representations relevant for c-inference. This is
possible, because from Proposition 26 we already know which worlds must have rank infinity and which
worlds may have finite rank in the extended c-representations of A. The simplified CSP not only uses
fewer constraint variables but also fewer constraints than CR(A) for weakly but not strongly consistent
belief bases. Before stating CRS5 (A), we show some proposition we will use for proving the correctness
of CRS%(A).

We can assume the impacts of conditionals in A* to be infinity.
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Proposition 42. Let A be a weakly consistent belief base with extended Z-partition EZP(A) =
{A% ..., A" A®}. Let 1} be impacts such that k; is an extended c-representation of A. Let 1}’ be the
impact vector defined by n. = oo if (B;|A;) € A* and n, = n; otherwise. Then k; = k.

Proof. Let w be a world. There are two cases.
Case 1: There is a conditional (B;|A;) € A* that is falsified by w. Then «3(w) = 0o and therefore

K;7(w) = oo by Proposition 26. Because 1, = co we have k7 (w) = Y n; = 00 = k().
1<j<n
w):AjEj

Case 2: There is no conditional in A* that is falsified by w. Because n; = n; for all i with @ |=Aj§_,~
we have ky(w)= Y ni= ) 1 =k;w).
1<j<n 1<j<n [
wEA|B; wkEAjB;
Extended c-representations can assign rank infinity to conditionals without this being enforced by the
belief base (cf. Proposition 23). In the following, we introduce conservative extended c-representations,
which assign rank infinity only to worlds that also have rank infinity in the Z-ranking function «3.

Definition 43. Let A be a belief base. Then CMod., is the set of conservative extended c-representations
Kk of A with k;(w) < 0o for all worlds o with k(@) < oo.
For c-inference, it is sufficient to take only conservative extended c-representations of a belief base

into account.

Proposition 44. Let A be a belief base. Then Ar~ B for all c-representations « in CMod’, iff Af~.B
holds for all c-representations k in Mody (A).

Proof. Direction <: Observe that CMod < Mod<. Therefore, if Ap~ B holds for all c-
representations « in Mod ¢, then A~ B holds for all c-representations « in CMod’, .

Direction =: Show this by contraposition. Assume that k € CMod with A p~_B. Using the con-
struction of «/ in the proof of Proposition 11 we can find a k' = «/ that is a c-inference of A and satisfies
k. € b, . Therefore, if A ~_B then A b~ , B. Hence, there is a c-representation «’ with A p~ , B. U

As indicated above, the c-representations in CMod', can then be characterized by a simplified CSP.
Definition 45 (CRS5(A)). Let A ={(B,|A)), ..., (B,|A,)} be a belief base over X with the extended
Z-partition EZP(A) = {A°, ..., A", A®}. Let

Ja={il (BjlA) e A\ A® 5.t AB A ( /\ (E\/D)) £ 1}

(D|C)eA>®

The simplified CSP for extended c-inference of A, denoted by CRS5,(A), on the constraint variables

{n;, . ... m}, jx € Ja ranging over N, is given by the constraints crsj”,for all je Ju:
. . <A
; > min E ; — min E ; crs?
771 wey, T]] weRy nj ( J )
wFAB; JEIA wEAB; J€IA
JFE JFE
wl=AB; wl=AB;

The condition A;B; A ( /\ pcea= (C VD)) # L in the definition of J, is equivalent to there being an
w € Q45 that does not falsify conditionals in A™.

Definition 46. Let A be a belief base, n=|A|, and let J, be defined as above. For ij’ € Sol(CRS%(A))
let ’+* € (N, U {oo})" be the impact vector with

Joo ni for ie JA
o0 otherwise.

Then Sol'*™ := {ij/** | i}’ € Sol(CRSZ(A))}.
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Proposition 47. (soundness and completeness of CRS%(A)). Let A be a weakly consistent belief base
over X. Then

CMod<(A) = {i; | 7j € Sol’F™). (8)

Proof. Let EZP(A)=(A°, ..., A*, A®), and let J, be defined as in Definition 45.

Soundness: Let 7} € Sol,™°. By definition, there is a vector 7’ € Sol(CRS%(A)) such that 7 = 77+,

Because 1; = oo for every (B;|A;) € A~ and due to Lemma 9, all worlds w for which one of the
conditionals in A* is applicable have rank «;(w) = co. Therefore, all conditionals in A* are accepted
by ;.

For any conditional (B;|A;) € A \ A%, there is at least one world w that verifies (B;|A;) without falsi-
fying a conditional in A* (otherwise (B,|A;) would not be tolerated by A*°). Because every world that
falsifies a conditional (B;|A;) with j ¢ J, also falsifies a conditional in A, the world w does not falsify
any such conditional (B;|A;) with impact co. Therefore, k;(A;B;) < oo. If K;(A;B;) = oo then k5 = (BilA;).
Otherwise, for «; (A;B;) < 0o, there is a world that falsifies (B|A) without falsifying a conditional in A*.
In this case it is i € J, and the CSP CRS5 (A) contains the constraint (crsj”) which must hold for 7’:

;> min E . — min E ;
i weQy, nj weQy nj

wEAB; jEIaj#i oA B JEIaj#

wF=A;jBj wE=A;jB;
< n; + min E n; > min E n;
0eQy < 0eQy -
wk=A;B; JEIAJ#L wEAB; jeIaj#i
wk=A;B; wk=A;B;
< min E . > min E -
weQy 4 i weQy Nj
wEAB; J€IA oA j€la
wEAjB; wkEA|B;
g min E n; > min E n
weQy U weQs ]
wE=AB; 1SS wEAB; 1<j<n
@F=A;B) wEA;B;
< ki (A;B) > Kki(AB).

Therefore, k; = (B;|A)).
The equivalence (* ) holds, because there is a model for A;B; that does not falsify a conditional in
A, we have n; = oo for all (B;|A;) with j ¢ J,, and therefore

min ) om=min 3
wFAB; J€IA_ wEAB; 1<
wF=A;Bj wF=A;B)

For any world w with «3(w) < oo it holds that all conditionals in A* are not applicable in w.
Therefore, k;(w) is the sum of some of the impacts in 7)’; and because 77’ € N} we have «;(w) < co.

In summary, «; € CMod, .

Completeness: Let k € CModS be an extended c-representation. Let 17 € (N, U 00)" be an impact
vector such that « = «;. Because of Proposition 42, w.l.0.g. we can assume 7; = oo for all (B;|A;) € A*.
Furthermore, w.l.o.g, we can assume 7; = oo for all conditionals (B;|4;) € A\ A*® which are falsified
only by worlds w that also falsify a conditional in A* — all worlds for which these impacts apply already
have rank oo because of the impacts for A*.

The vector 7 is a combination of a vector 77’ of impacts ; for j € J,, and a vector (00, . . ., 00) of size
n — |J,| of impacts for conditionals (B;|A;) with j ¢ Ja.

For every i € J,, by construction of J, there is at least one world w falsifying (B;|A;) without falsifying
a conditional in A*. Then, k(@) < 0o because w falsifies no conditionals in A* and due to Lemma 15;
therefore 1, < k;(w) < 0o because k; € CMod5 . Hence, 7’ € N,

It is left to show that 7’ is a solution of CRS%(A), that is, that for every j € J, it satisfies the constraint
(crsjm). As «; is a model of A, it satisfies the conditional (B;j|A;) € A. By construction of J,, there is
at least one world w falsifying (B;|A;) without falsifying a conditional in A*. As established above,
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the reEk of such a world in «; is finite, and thus «;(A) is finite. To satisfy(B;|A;) it is necessary that
k;(A;B;) > k;(A;B;). Using the equivalence transformation in the Soundness part of this proof, we obtain
that (crs**) holds for . 0

Propositions 44 and 47 imply the following result.
Proposition 48. Let A be a weakly consistent belief base. Then Ab~XB iff A, B for every 1 € Sol’f>.
The following example illustrates how CRS5 (A) is simpler than CR3(A).

Example 49. Let ¥ ={a, b, c} and A ={(L|a), (@|b), (b|c)}. The CSP CR5(A) over ny, 1,13 € NgU
{0} contains the constraints

(CFTXA) min Z n,=00 or n > min Z ng — min Z Mj>

weQy weRy weRy
wkEa 1<j<n wEanl  j#l wEanT  j#l
w=A;B; w=A;B; wl=AB;
(cr$™)  min E n=00 or m > min E n, — min E s
wey wey weQy :
oEb  1<j<n wkba  j#2 wkEba  j#2
w|=AjE u)|=Aj§/ a)):AjE
(cr$®)  min E ;=00 or 1 > min E n; — min E n;.
weQy wey weQy
wEc  1j<n wkEch  j#3 wk=ch J#3
wEA;B; wEA;B; w=A;B;

The extended Z-partition of A is EZP(A) = (A%, A®) with A° = {(@|b), (b|c)} and A® = {(L|a)}. The
conditional (a|b) cannot be falsified without also falsifying (L|a) € A®. Therefore, J, = {3} and the
CSP CRSS(A) over n; € Ny contains only the constraint

ex A : :
Crs > min E i — min E :
( 3 ) s weQy, 7’]1 [51595)) 7’}/
wkE=be  jEIA wkE=be  jeIA
J#3 J#3_
wE=A;jB;j wF=A;jB;

which simplifies to n; > 0. For 17 € Soli™ it holds that n, = 1, = 00 and n; € Sol(CRSS(A)).

7.2. Characterizing extended c-inference by a CSP
In Beierle ez al. (2018) a method is developed that realizes c-inference as a CSP. The idea of this approach
is that in order to check whether Ap B holds, a constraint encoding that Ap,. B does not hold is added
to CRx(A). If the resulting CSP is unsovable, AkvkﬁB holds for all solutions 77 of CRx(A). Based on this
idea, we develop a CSP that allows doing something similar for extended c-inference.

First we need a constraint encoding that A, B does not hold for an extended c-representation k.

Definition 50. Let A ={(B,|A,), ..., (B,|A,)} be a belief base and let J, be as defined in Definition 45.
The constraint ~CR,(B|A) is given by

min E n; = min ;. )
wE=AB 4 wE=AB 4
ieJa ieJa
wE=AB; wl=AB;

Using this constraint and the CSP CRS5, (A) developed in Section 7.1 we can check if AR¥B with
the following proposition.

Proposition 51. Let A be weakly consistent. Then ANSB iff (i) ki(AB) = 0o or (ii) ki (AB) < o0,
ki (AB) < 0o and CRS5(A) U —CRA(BJA) is unsolvable.
Proof. Direction =: Assume that Ap< B and that k5 (AB) < 0o. Then k(AB) < oo forall k € CMod¢

by the definition of CMod;. Therefore, k(A) < oo for all k € CMod’,. Furthermore, A% B implies that
for every k € CMod’,, we have A~ B. Therefore, Kk (AB) < Kk (AB) for every k € CMod:,, and because of
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Proposition 47 «;(AB) < K;,(AE) for every 1] € Sol’™. We have

ki(AB) < k;; (AB)

wEA

1<igsn 1<i<n

oE=AB; wl=AB;
(%) . .

< min n; < min n;.
AB B
@k 1N wFEAB i€Ja
o=AB; oFAB;

Equivalence ( * ) holds because the ranks of the minimal models of A B and AB are finite and therefore
do not violate a conditional (B;|A;) with i ¢ J,.

Therefore, ~CR,(B|A) does not hold for any solution of CRS5(A), implying that CRS3(A)U
—CR,(B|A) is unsolvable.

Direction <: Assume that either «5(AB) =00 or ( k3(AB) <00 and CRS2(A)U—CRA(BIA) is
unsolvable ) There are three cases.

Case 1: x5 (AB) = 00 and «; (AB) = 00

Then k% (A) = oo and, by Proposition 26, k(A) = oo for every k € Mod . Therefore Ap-B.

Case 2: 1 (AB) < oo and k5 (AB) = o0

Then, by the definition of CMod‘, we have k (AB) < oo and, by Proposition 26, K(AE) = oo for every
k € CMod . Therefore, k(AB) < Kk (AB) for every k € CMod’; and hence AR B by Proposition 44.

Case 3: 15 (AB) < 00

Then, by assumption, CRST(A)U —CR,(B|A) is unsolvable and «5(AB) < oo. This implies that
—CR,(B|A) is false for every 7’ € Sol(CRS%(A)). In this case, using the equivalence transformations in
the part of the proof for Direction =, we have i;(AB) < k;(AB) for every 7j € SoF . With Proposition
48 it follows that AR<B. O

This realization of extended c-inference by a CSP yields a starting point for an implementation of
extended c-inference as a SAT or SMT problem (Beierle et al., 2022; von Berg et al., 2023).

8. Syntax splitting

The concept of syntax splittings was originally developed by Parikh (1999) describing that a belief set
contains independent information over different parts of the signature. The notion of syntax splitting
was later extended to other representations of beliefs (Kern-Isberner & Brewka, 2017; Kern-Isberner
et al., 2020). In Kern-Isberner et al. (2020) not only inductive inference operators were introduced, but
also the postulates (Rel), (Ind), (SynSplit) for inductive inference operators that govern inference from
strongly consistent belief bases with syntax splitting. Notably, c-inference satisfies these postulates. In
this section we show that also extended c-inference respects syntax splittings on belief bases.

Definition 52 (syntax splitting for belief bases, Kern-Isberner ez al., 2020). Let A be a belief base over
3. A partition {X4, . . ., Z,} of X is a syntax splitting for A if there is a partition {A,, ..., A,} of A s.t.
A; S (L|L)y, foreveryi=1,...,n.

In this paper, we only consider syntax splittings with two parts. Such a splitting {X,, ¥,} of A with
corresponding partition {A;, A,} is denoted as (Kern-Isberner et al., 2020) A=A, |J A,. Results

1.5
for syntax splittings with more than two parts can be obtained by iteratively applying the postulates

presented here.

Here, we present slightly adapted versions of the splitting postulates, (Rel™), (Ind*), and (SynSplit*)
(Kern-Isberner et al., 2020; Haldimann et al., 2023), that are intended for inference operators that are
defined for all belief bases, including only weakly consistent belief bases.
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For belief bases with syntax splitting, the postulate relevance (Rel*) requires that for an inference
using only atoms from one part of the syntax splitting only conditionals from the corresponding part of
the belief base are relevant.

(Rel™) An inductive inference operator C: A — p~, satisfies (Rel™) if for a weakly consistent A =
A, J A, fori=1,2,and for A, B € L5, we have

X1,

AaB iff Ape,B.

The postulate independence (Ind*) requires that an inference using only atoms from one part of the
syntax splitting should be drawn independently of additional beliefs about other parts of the splitting.

(Ind*) An inductive inference operator C: A — p~, satisfies (Ind") if for any weakly consistent
A=A, |J Ay, andfori,je{l,2},i#jand forany A,B€ Ls,,D € ﬁz/. such that Dy~ , L, we have

T,

AR AB iff AD,B.

The difference of these postulates to (Rel) and (Ind) is that also weakly consistent belief bases are
considered. Additionally, in (Ind") the requirement D~ , | was added. Otherwise, the postulate would
have some clearly unintended implications. For any formula A € L5, with (Ind) we would have ADp-, L
for any D € L5, with Dp~, L. Then, (Ind) would imply that Aj*~,_L. The condition Dl ,_L avoids this
unintended consequence.

(SynSplit*) An inductive inference operator C: A — p~, satisfies (SynSplit™) if it satisfies both
(Rel™) and (Ind*).

For our proof that extended c-inference complies with syntax splitting, we need some lemmas on the
behaviour of c-representations in the context of a syntax splitting A = A, | J A,. Differing from the

.z
proof that c-inference satisfies (SynSplit) in Kern-Isberner et al. (2020), in thfI: fz)llowing we argue about
the sets of extended c-inferences Mods; (A) directly instead of the sets of solutions of the corresponding
CSPs. This is mainly because the CSPs characterizing all extended c-representations are more involved
than the CSPs for c-representations. First observe that the combination of any extended c-inference of
A, with an extended c-inference of A, is an extended c-inference of A.

Lemma 53. Let A=A, |J A, be a weakly consistent belief base with syntax splitting. Let x, €
2,5
Mod;”l(Al) and K, eMod;"z(Az). Then kg =k, D K, is an extended c-representation of A, that is,

kg € Mod(A).

Proof. Let (B]|A)),...,(B:|A;) be the conditionals in A; and let (B, ]|A1)s - - -, (B,|A,) be the
conditionals in A,. Let 7' be an impact vector inducing «, and let 7> be an impact vector inducing .
Let w be any world in Q5. Because of the syntax splitting, w5, falsifies the same worlds in A, as w and
wx, falsifies the same worlds in A, as w. Let 77 be the impact vector for A that combines the impacts
from 7' and 7>. We have that

ke =ki(wz,) + K (w)s,)

= > m+ Y. om

INNE k+HI<i<n.
|5 FAiB o[z, FAiBi
= E 1 = Kj. (10)
1<i<n.
wkEA;B;

Additionally, because k| = kg5, and k; = kg5, (see Lemma 4), Lemma 2 yields that x5 models the
conditionals in A, and in A,. Therefore, k4, is an extended c-representation of A. O

In the other direction, Lemma 54 shows how an extended c-representation of A splits for certain
formulas.
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Lemma 54. Let A=A, |J A, be a weakly consistent belief base with syntax splitting. Let k; €
DI

Mods (A) be an extended c-representation induced by impact vector i). Let i}’ be the impact vector
containing the impacts from 1 for A, and let ij* be the impact vector containing the impacts from 1j for
A,. Then, for X € Ly, Y € Ly, we have k(XY) = k7 (X) + kp(Y).

Proof. Let (B,|A)),...,(B:|A;) be the conditionals in A, and let (B, |A1), ..., (B,]A,) be the
conditionals in A,. For any w € Q5 we have that

k@)=Y m= Y mt+ Y n=kpw)+kp).

1<i<n 1<i<k ke 1<i<n
wl=AB; wE=AB; wl=AB;
Because Xe Ly, and Ye Ly, we have that Modx(XY)={(0v" o) |w* € Mod s, (X), o €
Mod ,(Y)}. In summary, we have that

Kk (XY) =min{«(w) | ® € Mod 5(XY)}
=min{k (0" ) | 0" € Mod 5,(X), » € Mod 5,(Y)}
=min{x; (0") + kp(@’) | ©° € Mod 5, (X), @ € Mod 5,(Y)}
=min{x; (0") | 0" € Mod 5, (X)} + min{k2(«’) | @ € Mod 5,(Y)}
=k (X) + k(Y). -

Lemma 55 states that marginalizing an extended c-representation of A to the subsignature ¥, i €
{1, 2} leads to an extended c-representation of A,.

Lemma55. Let A=A, |J A,beaweakly consistent belief base with syntax splitting. If k € Mods(A)
DI )

then k5, € Modg, (A)).

Proof. Let k € Modg(A). By Lemma 2, kz, models the same conditionals in (£|L)y, as k.
Especially, |z, models all conditionals in A,. It remains to be shown that x|, can be constructed from
integer impacts.

For this let (B;|A)), ..., (BA;) be the conditionals in A, and let (Bi;:|Axs1),- - ., (B,|A,) be the
conditionals in A,. Let 7 be an impact vector inducing «, and let 7' be the impact vector containing the
impacts from 7 for A;. Let »° € Q5 be a world that does not falsify any conditional in A (see Lemma
9). Let o' be any world in Q5. All worlds w with w5, = o’ falsify the same conditionals in A,. The
world o* = (o' - w°|22) falsifies no conditional in A, and is thus one of the worlds with the lowest rank
in « that coincides with &’ on X,. We have that

Kis, (@) = minfk () | 05, = o)

= min{ Z nilws, = ')

1<i<n

wE=AB;
/
= E 0= E i = kit ().
1<i<n 1<i<k
w*[=AB; o' [FAB;
Therefore, k5, is an extended c-representation of A,. ]

One of the key observations for proving that c-inference satisfies (SynSplit) in Kern-Isberner ez al.
(2020) is Kern-Isberner et al. (2020), Proposition 8. Given a belief base with syntax splitting A =

A, |J A,, this proposition states that the c-representations of A are exactly the combinations of the
1.5

c-representations of A; with the c-representations of A,. In combination, the Lemmas 53, 54, and 55
yield a corresponding observation for extended c-representations as expressed in the following lemma.
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Lemma 56. Let A=A, |J A, be a weakly consistent belief base with syntax splitting. Then « €
1.2

Mods (A) iff there are k, € Modg, (A)) and k, € Modg, (A,) such that k = Kk, © K.

Proof. Direction < follows from Lemma 54. In the other direction =, with Lemma 54 we can
see that there are «, : Q5, — N U {oo} and k; : Q5, — N U {o0} such that k =« ® «,. By Lemma 4 we
have that k; = (k; @ k)5, = k|5, for i € {1, 2} and therefore, with Lemma 55, that «, € Mody (A,) and
Ky € Mod;"] (A).

Extended c-inference does not change if unused atoms are added to or removed from the signature.
This is captured by the following Lemma 57.

Lemma 57. Let X be a signature, ¥' C X, and A be a belief base over ¥'. For A, B € Ls, we have
AP-$B with respect to X iff AP~ B with respect to X'

Proof. Show both directions of the iff.
Direction =: Let AR-¢'B with respect to X. Let k¢’ € Mods, (A). We can see A as a belief base with

syntax splitting A=A | J . The only extended c-representation in Mody, s, (#) is k° with k°(w) = 0
R\

for all w € Qy,5/. By Lemma 53, kg, = k' @ «° is in Mod; (A), and therefore A, B. By Lemma 5, this
implies that Ap~B because k' = kg5 (see Lemma 4). Hence, in summary we have that Ar~%B with
respect to X'.

Direction <: Let AR~B with respect to ¥'. Let k € Mody (A) be an extended c-representation.

Again, we can see A as a belief base with syntax splitting A=A |J @. By Lemma 55, k' =y is
LB\

an extended c-representation in Mods,(A), and therefore A~ B. Then Lemma 5 implies that Ap~, B.

Hence, in summary we have that AR~ B with respect to X. 0

Using the lemmas above, we can now show that extended c-inference satisfies (Relt). Observe that
the proof for the next Proposition 58 does not need to deal explicitly with the case that a formula/world
is infeasible (i.e., has rank 00). In this proof, all situations where a world or formula has rank co are
already covered by the underlying definitions and results.

Proposition 58. Extended c-inference satisfies (Rel" ).

Proof. Let A=A, |J A,beweakly consistent. W.l.o.g.leti=1and A, B € L5,. We need to show
X

that ANXB iff AP B. o

Direction =: Assume that AP~X'B. Because of Lemma 57 it is sufficient to show that Ab-X B w.r.t.
Y. Letk, € Mod;‘l (A)) be any extended c-representation of A;. We need to show that A~ B.

Let k, € Mody (A;) and kg = k) @ k,. By Lemma 53 we have kg € Mod(A). Therefore, by assump-
tion we have Ap~, B. Because k| = Koz, with Lemma 5 we have that Ap~,, B.

Direction <=: Assume that AR B (w.r.t. £). Let « € Mod (A) be any extended c-representation of
A. We need to show that Ap, B.

With Lemma 55 we have that x; = k5, is an extended c-representation of A;. With Lemma 57 we
have that AR B w.r.t. X, and therefore Ap~,, B. Using Lemma 5 we have that Ar~ B. O

For proving (Ind*), in contrast to proving (Rel™) in Proposition 58, we have to distinguish explic-
itly between the case that an entailment holds because its antecedent is infeasible and the case that an
entailment holds because its verification has a lower rank than its falsification.

Proposition 59. Extended c-inference satisfies (Ind*).

Proof. Let A=A, |J A, be weakly consistent. W.l.o.g. let i=1,j=2 and A,B€ L5,,D € Ly,

1,2
such that DI~ L. We need to show that Ar<B iff AD4B.
Direction =: Assume A~ B. We show AD~, B for every k € Mody, (A).
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Let « € Mod;(A) be any extended c-representation of A. Because AP~’B we have that A, B. Let
7] be the impact vector inducing «, that is, kK = «;. Because A = A; U A,, we can sort the impacts in 7
into an impact vector 7' for A, and an impact vector 7> for A,. We can distinguish three cases.

Case 1: «;(A) = oo Applying Lemma 54, we have «;(A) = k(A A T) = k5 (A) + k2 (T). Because A
is weakly consistent, there is at least one world w that does not falsify a conditional in A. Therefore, we
have k;2(T) = 0. Hence, ;1 (A) = oo. This implies «;(AD) = ;1 (A) + k(D) = 00 + k(D) = 0o. Thus,
ADP,B.

Case 2: k;(A) < oo and «;(D) = oo With a similar argumentation as in Case 1, we have x;2(D) = oo.
This implies «;(AD) = k;1(A) + k7(D) = k; (A) + 00 = co. Thus, Ava,(ﬁB.

Case 3: k;;(A) < 00 and k;(D) < oo Because Ap,. B in this case it is necessary that «;(AB) < ;i (AB).

Applying Lemma 54, we have «;(AB) = k;(AB A T) = k;1(AB) + k2 (T). Because A is weakly con-
sistent, with Lemma 9 there is at least one world w that does not falsify a conditional in A. Therefore,
we have k;2(T)=0. Hence, «; (AB) = k;(AB). Analogously, & (AB) = Kﬁ(AE) and k(D) =k;(D) <
oo. Therefore, «;1(AB) < ki (AB). Lemma 54 also yields «;(ABD) = k7 (AB) + k(D) and K;](AED) =
Kt (AB) + k(D). Together, we have that «;(ABD) = k;1(AB) + k;2(D) < ki (AB) + k(D) = «; (ABD)
and thus ADp~,. B.

Direction <: Assume ADPB. We show A~ B for every k € Mod (A).

Let « € Mody(A) be any extended c-representation of A. Because ADB we have ADp~,B.
Because D~ L, there is a «” € Mody (A) such that D~ ,, L which implies «'(D) < oo. Using Lemma
55 we have «’|5, € Mods, (A,). With Lemma 1 we have «'|5,,(D) = «'(D). Analogously, we have k|5, €
Mods (A;) and k5, (A) = k(A) and k5, (AB) = k(AB) and k|5, (AB) =k (AB). Let kg = k5, ® K|, With
Lemma 53 we have kg € Mod3(A). Because ADP B this entails that ADp~, B. We can distinguish two
cases.

Case 1: k5(AD) = 0o Because of Lemma 3 we have k4 (AD) = k5, (A) + «'|5,(D), and with «'5, (D) =
k'(D) < oo we have k5, (A) = oo. Therefore, k(A) = k5, (A) = oo and thus Ap~, B.

Case 2: kg(AD) < oo Because ADp~,, B we have «z(ABD) < K@(AED). With Lemma 3 we
have k4 (ABD) = k5, (AB) + «'|5,(D) and K@(AED) =K)x, (AB) + k'|s,(D). This implies that k|5, (AB) +
k'is,(D) < K5, (AB) + k'js,(D) and therefore that k (AB) < k(AB). Thus, A, B. g

Note that for Direction < of the proof of Proposition 59 for showing that AP~ B we had to pay
special attention to the case where k(D) = oo even though DI~ L. Therefore, in the proof we employ
the extended c-representation « derived from « that satisfies xq (D) < 0o and is used to show that A, B.

Combining Propositions 58 and 59 yields that extended c-inference satisfies (SynSplit*):

Proposition 60. Extended c-inference satisfies (SynSplitt).

While p-entailment and system Z already do not satisfy syntax splitting for strongly consistent belief
bases (Kern-Isberner et al., 2020), the results above make c-inference the only other inductive inference
operator besides system W (Komo & Beierle, 2020, 2022; Haldimann et al., 2023) that has been shown
to fully comply with syntax splitting for weakly consistent belief bases.

9. Extended credulous and weakly skeptical c-inference

In the previous sections, we considered skeptical reasoning about the (extended) c-representations
of a belief base, that is, the inference operator licenses entailments that hold in all considered rank-
ing functions. In Beierle et al. (2016b) two other modes of reasoning are investigated: credulous and
weakly skeptical reasoning. Instantiated for c-representations, these reasoning modes yield the inference
operators credulous c-inference and weakly skeptical c-inference.

Definition 61 (credulous/weakly skeptical c-inference, Beierle ef al., 2021). Let A be a strongly
consistent belief base and let A, B be formulas.
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« B is a credulous c-inference from A in the context of A, denoted by AR B, iff there is a c-
representation k of A with Ap B.

« B is a weakly skeptical c-inference from A in the context of A, denoted by Ah‘”B iffA=1
or there is a c-representation k of A with Aj~, B and there is no c-representation «’ of A with
Ao B.

In the following we will explore how these two inference operators can be extended to belief bases
that are not strongly consistent by using extended c-representations.

9.1. Extended credulous c-inference

A straightforward way of adapting credulous c-inference to using extended c-representations is to define
it as credulous inference over all extended c-representations.

Definition 62 (extended credulous c-inference). Let A be a belief base and let A, B be formulas. B is
an extended credulous c-inference from A in the context of A, denoted by AP B, iff (i) A is not weakly
consistent or (ii) there is an extended c-representation k of A with A~ B.

Lemma 63. Extended credulous c-inference is an inductive inference operator, that is, it satisfies (DI)
and (TV).

Proof. For belief bases that are not weakly consistent (DI) holds trivially. For weakly consistent
belief bases the proof is analogous to the proof of Proposition 33. O

In comparison to credulous c-inference, extended credulous c-inference is even bolder in the sense
that it is based additionally on extended c-representations. This leads to the somewhat unexpected obser-
vation that extended credulous c-inference coincides with classical deduction with respect to the material
counterparts A — B of the conditionals (BJA) € A.

Proposition 64. Let A be a belief base and A, B be formulas. Let A= {A; — B; | (Bj|A;) € A be the
material counterpart of A. Then

ARS'B iff AEA—B.

Proof. For belief bases A that are not weakly consistent, A is unsatisfiable; then the proposition
holds because both Ar-"B and A = A — B. For weakly consistent belief bases we show both directions
of the “iff”.

Direction = Assume that A~$"B. Therefore there is an extended c-representation « with A, B,
that is, either k (A) = oo or k(AB) < k(AB). Let us distinguish these two cases.

Case 1: k(A) =0

This implies that every model of A has rank co. As « is an extended c-representation, x (w) > 0 for
some w implies that o falsifies at least one conditional in A. Therefore, all models of A falsify at least
one conditional in A. Because the models of A are exactly the worlds that do not falsify any conditional
in A, we have that A = —A and therefore A =A— B.

Case 2: k(AB) < k(AB)

In this case especially k(AB) > 0, implying that every model of AB falsifies at least one conditional.
Therefore, A = —(AB) which is equlvalent to A =A—B.

Direction < Assume that A =A — B. Let « be the extended c-representation obtained from the
impact vector 7 = (00, . . ., 00). Then

0 ifoEA

Kk(w) = .
oo otherwise.

We will show that A, B by distinguishing two cases.
Case I: AE—A
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Let w € Mod E(A U {A}) We have that « (w) = 0. Because A = A — B, we know that w = B. Hence,
«(AB) = 0. Furthermore, A = A — B yields that x(AB) > 0. Thus, k(AB) < k(AB) and Ap~,B.

Case 2: A E=-A

In this case, k(A) = oo and thus AR, B. O

It should also be noted that for strongly consistent belief bases, every credulous c-inference is also
an extended credulous c-inference, but not the other way round.

Proposition 65. (1) For every strongly consistent A and formulas A, B, if AP\ B then Ap-"B. (2) There
are A, A, B such that A~ B but Ar-"B.

Proof. Ad (1): This follows directly from Proposition 22 and the definitions of credulous c-inference
and extended credulous c-inference.

Ad (2): Consider A = {(b|p), (f|b), (f|p)} over = = {p, b, f}. Then pi~f but ph~<"f because for 7j =
(00, 00, 00) We have «;(p) = oo and thus ph,.f- O

Furthermore, extended credulous c-inference fails to satisfy (Classic Preservation). For instance, con-
tinuing the example in the proof of Proposition 65 (2), we have p[*~”, L but pp-"_L because «;(p) =
for i = (00, 00, 00). This motivates the introduction of a version of extended credulous c-inference
which coincides with credulous c-inference on strongly consistent belief bases and which complies with
(Classic Preservation). This can be achieved by taking only the conservative extended c-representations
in CMod; into account.

Definition 66 (conservative extended credulous c-inference). Let A be a belief base and let A, B be
formulas. B is a conservative extended credulous c-inference from A in the context of A, denoted by
APSUB, iff (i) A is not weakly consistent or (ii) there is a conservative extended c-representation k €
CMod'; of A with Ap-B.

Lemma 67. Conservative extended credulous c-inference is an inductive inference operator, that is, it
satisfies (DI) and (TV).

Proof. Analogous to the proof of Proposition 33. 0

Lemma 68. For strongly consistent belief bases, conservative extended credulous c-inference coincides
with credulous c-inference.

Proof. Let A be a strongly consistent belief base. In this case we have «3(w) < oo for all w € Q.
By definition of CMod’, (cf. Definition 43), we have «(w) < oo for all k € CMod’; and for all € Q.
Thus CMod;; coincides with the set of c-representations of A, and the inferences that can be made with
extended credulous c-inference from A coincide with the inferences that can be made with credulous
c-inference from A. O

Proposition 69. Conservative extended credulous c-inference satisfies (Classic Preservation).

Proof. 'We have to show that A" L iff Ap, L. Using Lemma 14, it suffices to show that AR5 L
iff k4 (A) = oo. Combining Definition 43 and Lemma 24 yields that «(w) = oo iff « (w) = oo for every
k € CModY and every w € Q2. Thus, the proposition holds. O

In the following we will show how conservative extended credulous c-inference can be realized by
a CSP. This approach is inspired by the CSP characterization of credulous c-inference in Beierle et al.
(2019b) and the CSP realization of extended (skeptical) c-inference in Subsection 7.2. We will again
use the CSP CRS;(A) characterizing all extended c-inferences in CMod’, (cf. Proposition 47).

The following constraint encodes that Ap~,. B holds for an extended c-representation ;.

Definition 70. Let A = {(B,|A)), ..., (B,|A,)} be a belief base and let J 5 be as defined in Definition 45.
The constraint CR,(B|A) is given by
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min ; i i 11
w#ABZm < E%Z"’ (11)
zeJAi tein
wkE=A;B; wEA;B;

By combining this constraint with the CSP CRS5(A), we can check whether ARY“B with the

following proposition.

Proposition 71. Let A be a weakly consistent belief base. Then AP~“"B iff either (i) /{Z(AE) =00, or
(ii) KZ(AF) < 09, k5 (AB) < 00 and CRS5(A) U CRA(BJA) is solvable.

Proof. Direction = Assume that AR“'B and that «5(AB) < co. Then k(AB) < oo for all « €
CMod’; by the definition of CMod’,. Therefore, k(A) < oo for all k € CMod. Because A~“'B, there
is at least one ranking function k* € CMod’, with Ap-,.B and thus «*(AB) < k*(AB). This implies that
k*(AB) < oo and, by the definition of CMod, «%(AB) < co. Because of Proposition 47 there must be
an 1j* € Sol’F™ with «* = ;. and thus k- (AB) < k- (AB). We have

k3 (AB) < k;-(AB)

& min E N’ < min n;
w=AB wE=AB !
1<i<n 1<i<n
wE=A;B; wl=AB;
(%) . * . %
g min n, < min n;.
AB B
e icla oFAB o
w=AB; wEA;B;

Equivalence ( * ) holds because the ranks of the minimal models of A B and AB are finite and therefore
do not violate a conditional (B;|A;) with i ¢ J,.

Therefore, CR,(B|A) holds for the solution of CRSG(A) corresponding to 7*, implying that
CRSS(A)U CRA(B|A) is solvable.

Direction < Assume that either «} (AB) = 00 or ( K3 (AB) < o0, k3 (AB) < oo and CRS;(A)U
CRA(B|A) is solvable ) There are three cases.

Case 1: k3 (AB) = o0 and KZ(AE) =00

Then «3 (A) = oo and, by Proposition 26, x(A) = oo for every k € CMod, . Because CMod’, contains
at least one c-representation, Ap~4"B.

Case 2: k5 (AB) < 0o and k% (AB) = 00

Then, by the definition of CMod", we have k(AB) < oo and, by Proposition 26, x (AB) = oo for every
k € CMody . Therefore, Kk (AB) < k(AB) for every k € CMod’;, and because CMod’, contains at least one
c-representation, AP B.

Case 3: k5 (AB) < 00

Then, by assumption, CRS5 (A) U CRA(B|A) is solvable and % (AB) < oo. This implies that there is an
1’ € Sol(CRS5 (A)) satistying CRA(B|A). Using the equivalence transformations in the part of the proof
for Direction =, there is an 77" € Sol’"™ constructed from 7’ with k;:(AB) < k- (AB). With Proposition
47, it follows that AP B. 0

9.2. Extended weakly skeptical c-inference

Analogous to extended credulous c-inference, we can define extended weakly skeptical c-inference as
weakly skeptical inference over all extended c-representations.

Definition 72 (extended weakly skeptical c-inference). Let A be a belief base and let A, B be formulas.
B is an extended weakly skeptical c-inference from A in the context of A, denoted by AP-4"B, iff (i) A is
not weakly consistent, (ii) there is an extended c-representation k° of A with k°(A) = oo, or (iii) there is
an extended c-representation k of A with Ar~ B and there is no extended c-representation k' of A with
Ap~/B.
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Lemma 73. Extended weakly skeptical c-inference is an inductive inference operator, that is, it satisfies
(DI) and (TV).

Proof. (DI): Let (B;|A;) € A. We need to show that A;~3"B,. If A is not weakly consistent or if there
is an extended c-representation «° with «°(4;) = 0o, then A;~4"B; by definition. For the remainder of
the proof assume that A is weakly consistent and «(A;) < oo for every extended c-representation « of
A. Every extended c-representation « is a model of (B;|A;) and therefore must satisfy « (A;B;) < k (A;B)).
Thus, A;~4"B;.

(TV): Analogous to the proof of Proposition 33. O

Interestingly, this inference operator also coincides with classical deduction with respect to the
material counterparts of the conditionals.

Proposition 74. Let A be a belief base and A, B be formulas. Let A= {A;, — B; | (Bj]A)) € A.
ARB iff AEA— B

Proof. For belief bases A that are not weakly consistent, A is unsatisfiable; then the proposition
holds because both A~¢"B and A = A — B. For weakly consistent belief bases we show both directions
of the ‘iff’.

Direction = Assume that Ap~¢"B. We can distinguish two cases.

Case 1: There is an extended c-representation «° with k°(A) = oo

Then every model of A falsifies at least one conditional in A. But by the construction of A, the models
of A do not falsify any conditional in A. Thus, A = —A and therefore A =A— B.

Case 2: There is no such «° with k°(A) = 00

Then there must be an extended c-representation x with A, B. In this case it cannot be that ¥ (A) = oo,
therefore we have «x (AB) < k(AB). Especially, we have x(AB) > 0, implying that every model of AB
falsifies at least one conditional and thus is not a model of A. Therefore, A = —(AB) which is equivalent
to AE=A— B.

Direction < Assume that A = A — B. Let « be the extended c-inference obtained from the impact
vector 7 = (00, . .., 00). Then

d@={0 ifwke A

oo otherwise.

We can distinguish two cases.

Case 1: AU {A} is satisfiable

Then there is at least one model @ of A that does not falsify any conditional. Because A EA—
B we have w = AB. Therefore, k(AB) = 0. Furthermore, every model of AB must falsify at least one
conditional, implying that « (AB) = cc. Therefore, K (AB) < k (AB) and A~ B.

Additionally, because A = A — B we have «'(AB) = 0 for every extended c-representation «’ of A.
This implies that there is no extended c-representation «” with Ap~,B. In summary, Ap%"B.

Case 2: AU {A} is not satisfiable

Then every model of A falsifies at least one conditional in A, implying that k(A) = oco. This implies
APSUB. ]

Thus, credulous and weakly skeptical c-inference over all extended c-representations coincide
because

APSTB it APS”B

according to Propositions 64 and 74. Moreover, analogously to extended credulous c-inference

(Proposition 65), we observe that for strongly consistent belief bases, extended weakly skeptical
c-inference extends weakly skeptical c-inference but does not coincide with it.

Proposition 75. (1) For every strongly consistent A and formulas A, B, if A B then Ar2"B. (2) There
are A, A, B such that Aj~'\’B but A" B.
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Proof. Ad (1): Let Ap-’B. This implies that Ap-<B (Beierle et al., 2021) and with Proposition 65
that Ap~4"B. By Propositions 64 and 74 we have Ap4"B.

Ad (2): Consider A = {(b|p), (f|b), (f|p)} over = = {p, b, f}. Then P~ °f but ph-*f because for 1 =
(00, 00, 00) we have k;(p) = 0. O

Furthermore, similar to the credulous case, also extended weakly skeptical inference fails to satisfy
(Classic Preservation). For instance, continuing the example in the proof of Proposition 75 (2), we have
pi~% L but ph4r L because ;(p) = 0o for 77 = (00, 00, 00). Therefore, we consider weakly skeptical
inference only over the conservative extended c-representations of a belief base.

Definition 76 (conservative extended weakly skeptical c-inference). Let A be a belief base and let A, B
be formulas. B is a conservative extended weakly skeptical c-inference from A in the context of A, denoted
by AR B, iff (i) A is not weakly consistent, (ii) there is a conservative extended c-representation k°
of A with k°(A) = oo, or (iii) there is a conservative extended c-representation k of A with A, B and
there is no conservative extended c-representation k' of A with At~,B.

Lemma 77. Conservative extended weakly skeptical c-inference is an inductive inference operator, that
is, it satisfies (DI) and (TV).

Proof. (DI): Let AR, B. If A is not weakly consistent or if there is a conservative extended
c-representation x° with «°(A) = oo then Ap""B follows immediately. Assume for the remainder of
this proof that A is weakly consistent and «(A) < oo for all conservative extended c-representations «
of A. For every conservative extended c-representations « of A it holds that Ap~, B. Because x(A) < 0o
this implies that K (AB) < x(AB). Thus, Al B. In summary we have AR<"B.

(TV): Analogous to the proof of Proposition 33. 0

Lemma 78. For strongly consistent belief bases, conservative extended weakly skeptical c-inference
coincides with weakly skeptical c-inference.

Proof. Let A be a strongly consistent belief base. In this case we have «} (@) < oo for all w € Q.
By definition of CMod", (cf. Definition 43), it is «(w) < co for all k € CMod/, and w € . We have
k(A) =00 iff A= L for all « € CMod’,. Thus, CMod’ coincides with the set of c-representations of A,
and the inferences that can be made with conservative extended weakly skeptical c-inference from A
coincide with the inferences that can be made with weakly skeptical c-inferences from A. O

Proposition 79. Conservative extended weakly skeptical c-inference satisfies (Classic Preservation).

Proof. 'We have to show that AR L iff AR, L. For A not weakly consistent, we have both A< L
and AR, L and thus the proposition holds. For weakly consistent A, using Lemma 14, it suffices to
show that AP L iff k5 (A) = oo. Combining Definition 43 and Lemma 24 yields that «(w) = oo iff
K5 (w) = oo for every k € CMod’, and every w € 2. Thus, the proposition holds. O

We will now realize conservative extended weakly skeptical c-inference by a CSP. Inspired by the
CSP characterization of weakly skeptical c-inference in Beierle et al. (2019b) we will again use the CSPs
CRS%(A) and CRA(B|A) and =CR,(B|A) as in Propositions 71 and 51.

Proposition 80. Ler A be a weakly consistent belief base. Then Ar-"B iff either (i) KZ(AE_): o0
or (ii) ki(AB) < 00, ki (AB) < 00 and CRS5(A)U CR,(B|A) is solvable and CRS;(A) U CRA(BIA) is
unsolvable.

Proof. Direction = Assume that Ap-¢""B and that KZA(AE) < 00. Then k(AB) < oo for all k €
CMod by the definition of CMod’;. Therefore, k(A) < oo for all k € CMody;.

Because AR~ B, there is at least one ranking function «* € CMod', with Ap~,-B and thus «*(AB) <
«*(AB). This implies that k*(AB) < oo and, by Proposition 26, «5(AB) < co. Because of Proposition
74 there must be an 7* € Sol’;™> with «* = k;» and thus «;+(AB) < k;+(AB). Analogously to the proof of
Proposition 71, we can show that this is equivalent to the satisfication of CR,(B|A). Therefore, CR,(B|A)
holds for the solution of CRS5(A) corresponding to 77*, implying that CRS5 (A) U CR,(B|A) is solvable.
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AP B also implies that there is no conservative extended c-representation ' € CMod< withAp-, B
This implies that there is no «’ with k'(AB) < k’(AB). Because of Proposition 47 there cannot be an
i’ € Sol’> with k;(AB) < k;;(AB). Analogously to the proof of Proposition 71, we can show that
K;,(AE) < k;(AB) is equivalent to CR,(B|A). Therefore, there cannot be a solution of CRS%(A) that
satisfies CRA(B|A), implying that CRS% (A) U CR4(BJA) is unsolvable.

Direction < Assume that either «5(AB) =00, or (k3(AB) <00, ki(AB) < oo and CRS%(A)U
CRA(BJA) is solvable and CRS(A) U CR4(BJA) is unsolvable). There are three cases.

Case 1: 15 (AB) = 00 and k5 (AB) =

Then «}(A)=o0c. Because A is weakly consistent there is at least one conservative extended
c-representation k € CMod'; and, by Proposmon 26, k(A) = co. Therefore, A" B.

Case 2: k5 (AB) < oo and KA(AB)

Then, by the definition of CMod’, we have k (AB) < oo and, by Proposition 26, k(AB) = oo for every
« € CMod . Therefore, k(AB) < k(AB) for every k € CMod’;. Because A is weakly consistent there
is at least one k* € CMod with k*(AB) < «*(AB) and thus Ap~,.B. Furthermore, there cannot be a
conservative extended c-representation «’ with A, B, because this would imply «'(A) = oo or k'(AB) <
k'(AB), contradicting the results above. Thus, AR$"B.

Case 3: ICZ(AE) < 00

Then, by assumption, «%(AB) < oo, the CSP CRS;(A)U CRA(B|A) is solvable, and CRS5(A)U
CRA(B|A) is unsolvable. CRS3(A)U CRA(BJA) being solvable implies that there is an 7’ €
Sol(CRS(A)) satisfying CR,(B|A). Using the equivalence transformations as in the proof for
Proposition 71, Direction =, there is an 7j* € Sol; constructed from 77/ with «;.(AB) < «;.(AB). With
Proposition 47, it follows that k;+ € CMod/. Thus, we found a conservative extended c-representation
k* =Kz with AP~ «B.

Analogously, CRS5(A)U CRA(B|A) being unsolvable implies that CR,(BJA) is violated for every
solution of CRS3 (A). Using the equivalence transformation from the proof for Proposition 71, Direction
=, this implies that for every 77 € Sol’™ we have «;(AB) # K;](AE) and thus, with Proposition
47, k(AB) £ «(AB) for every Kk € CMode Therefore, there cannot be a conservative extended c-
representation «’ with Ap~, B, because this would imply «'(A) = oo or k '(AB) < k'(AB), contradicting
the results above.

In summary, it follows that AP B. (]

The inductive inference operators developed and addressed in this article together with their
interrelationships are summarized and illustrated in Figure 2.

10. Conclusions and future work

Weakly consistent belief bases are belief bases that may enforce some worlds to be completely implau-
sible. In this article, we investigated how the knowledge given in a conditional belief base that is not
strongly consistent, but only weakly consistent, can be completed by applying an inductive inference
operator. After presenting the treatment of weakly consistent belief bases by p-entailment and system Z,
we focussed on c-representations. For c-inference extended to weakly consistent belief bases, we devel-
oped a CSP characterizing it. We showed that extended c-inference can be realized equivalently by a
specialized CSP taking just conservative extended c-representations into account. Moreover, we showed
that extended c-inference inherits highly desirable inference properties, in particular, that extended c-
inference fully complies with syntax splitting. For this, we proved that extended c-inference satisfies
adapted versions of (Rel) and (Ind) that also take inference from weakly consistent belief bases into
account. We also extended credulous and weakly skeptical c-inference and provided realizations for
them as CSPs. We observed that for credulous and weakly skeptical c-inference, the distinction whether
extended or only conservative extended c-representations are taken into account is significant, leading to
a map of interesting, specific interrelationsships among the various inference operators. In Haldimann
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: extended extended extended extended :
(skeptical) “——— weakly skeptical ————— credulous c-representations
c-inference c-inference c-inference :
weakly e e
consistent
Bieiof baes {7 e
: (conservative) conservative conservative conservative
extended extended extended ’ e:rfén ded i
(s.kcptlcal) weak}y skeptical c?edulous c-representations
c-inference c-inference c-inference :
strongly . . » :
consistent : (s.keptlcal) — weak.ly skeptical —> c%edulous c-representations :
belief bases . c-inference c-inference c-inference :

Figure 2. A Summary of inductive inference operators and their interrelationships. The left-most col-
umn indicates whether the inference operator is defined on weakly consistent belief bases or on strongly
consistent belief bases only. The right-most column indicates the class of c-representations that the infer-
ence operator takes into account. An arrow I, —< I, indicates that the inductive inference operator I
and the restriction of I, to strongly consistent belief bases coincide. A double line I, = I, indicates that
I, and I, coincide. An arrow I, — I, indicates that I, is captured by I, and that I, is strictly extended by
I, for some belief bases.

and Beierle (2024), a comprehensive map of the relationships of extended c-inference to other inductive
inference operators taking weakly consistent belief bases into account can be found.

Future work includes investigating how the reasoning with infeasible worlds relates to approaches to
paraconsistent reasoning like Priest’s logic LP (Priest, 1979). Furthermore, similarly as it has been done
for c-inference, we will employ compilation techniques (Beierle et al., 2019b) for extended c-inference
and we will realize it as a SAT and as an SMT problem (Beierle et al., 2022; von Berg et al., 2023,
2024) and implement it in the InfOCF reasoning platform (Beierle et al., 2017; Kutsch & Beierle, 2021;
Beierle et al., 2024, 2025). We will also generalize the implementations of p-entailment and system Z
existing in InfOCF to the treatment of weakly consistent belief bases as described in this article.
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