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Optimal design of a wireless power transfer
link using parallel and series resonators
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The optimal design problem for a wireless power transfer link based on a resonant inductive coupling is addressed in this paper.
It is assumed that the magnetic coupling coefficient and the inductor quality factors are known. By employing the conjugate
image impedances, the values of the inductances realizing the optimal design with respect to given values of the network
input and load impedances are derived. It is demonstrated that there is just one optimal design maximizing both the power
delivered to the load and the power transfer efficiency of the link. The four possible schemes corresponding to the use of a parallel
or a series arrangement for the two coupled resonators (Parallel-Parallel, Series-Series, Parallel-Series, and Series-Parallel) are
considered and discussed. Closed form analytical formulas are derived and validated by circuital simulations.
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. INTRODUCTION

Wireless Power Transfer (WPT) based on resonant inductive
coupling has recently gained great interest among researchers,
representing an attractive solution for wirelessly powering
electronic devices and systems [1-6]. The basic implementa-
tion consists of two magnetically coupled inductors with
series or shunt capacitors realizing the resonant condition at
the operating frequency of the link. As numerically and
experimentally demonstrated in a large number of works
[7-13], with respect to a simple inductive coupling, the use
of resonant schemes allows improving the performance and
the sensitivity of the link with regard to the operating condi-
tions (alignment, operating environment, etc.). However, for a
given resonant scheme, an appropriate design is necessary in
order to achieve optimal performance in a specific application.
In particular, in some applications the focus is in providing to
a given load the power necessary for the correct operation (see
the case of medical implants [5]), while in some others the
focus is on the efficiency of the link (see the case of vehicular
applications [14, 15]).

In this regard, useful design formulas have been presented
in [16, 17], where, for a given two-port network representing a
single transmitter-single receiver WPT link, closed form for-
mulas for the load realizing different approaches of interest
for practical applications have been derived.
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In particular, in [16], the problem of efficiency and power
maximization has been solved demonstrating that different
loads are necessary for the two approaches. Additionally, by
using the conjugate image impedances of the network, the so-
lution realizing the complex conjugate matching for the
assigned network has been also determined.

However, although the problem of determining the optimal
terminating impedances for a given WPT link has been ex-
haustively analyzed and solved, the inverse problem, which is
of interest in many applications [18], has not yet been compre-
hensively addressed: are not currently available in the literature
the general formulas for maximizing the power and/or the effi-
ciency of a generic inductive WPT link with respect to assigned
values of the terminating impedances. Accordingly, in this
paper a WPT link represented as a two-port network is consid-
ered, and the problem of determining the optimal design for
given values of the network input and load impedances is
solved. With respect to the analysis presented in [18], where
the case of a resonant inductive WPT link using two series reso-
nators was considered, more results and discussions are pro-
vided in this paper by solving the general case where the link
can be realized by using series or parallel resonators. For the
four possible schemes (Parallel-Parallel (PP), Series-Series
(SS), Parallel-Series (PS), and Series-Parallel (SP)), closed
form analytical formulas for the network parameters realizing
the optimal design are derived and discussed. It is demonstrated
that there is just one optimal design of the two-port network
that simultaneously allows maximizing the two main figures
of merit of interest (i.e., the power on the load and the power
transfer efficiency of the link).

The paper is structured as follows. In Section II the optimal
design is derived for the general case of a resonant WPT link
with given values of the input and load impedances, in
Sections III and IV the theory is applied to the case of WPT
link using a resonator with a parallel arrangement on port 1
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and a resonator with a series arrangement on port 2. In Section
V, closed form formulas are provided for the parameters real-
izing the optimal design in the cases of a PP, SS, and a SP con-
figuration. Finally, circuital simulations are reported in Section
VI and some conclusions are drawn in Section VIL

II. DESIGN OF A WPT LINK BASED
ON RESONANT INDUCTIVE
COUPLING: GENERAL CASE

The problem considered in this paper is illustrated in Fig. 1.
Let us consider two coupled inductances L, and L, with
series or parallel capacitances C, and C, realizing the reson-
ance condition at the operating frequency of the link w,, i.e.:

w, = = . (1)

As illustrated in Fig. 1, the WPT link can be modeled as a re-
ciprocal two-port network (i.e., z,, = z,,), represented by its
impedance matrix, with elements z; = r;; + jx;; with 4, j=1,
2, given as:

V1 = ZuIl + Zulzv (2-)

Vz = 21211 + 22212 . (3)

It is assumed that the link is driven by a sinusoidal voltage
generator vg(t) = Vg cos(wt) with internal resistance Rg,
and that the output port of the link is connected to a given
load resistance R;. It is also assumed that the generator
requires, for optimal operation, to be connected to a given
load resistance R,. This condition encompasses a wide range
of practical cases, including, for instance, the case where the
generator represents a power amplifier designed for providing
maximum efficiency when loaded by R,, or the case where it is
required to maximize the power delivered by the generator, and,
consequently, the load resistance R, has to be equal to Rg. Hence
the term optimal may have different meaning depending upon
the specific application. Accordingly, our goal is to design the
network in such a way that its input impedance is

Ziw = R,, (4)

and it provides optimal performance when loaded by R;.
With reference to the use of a two-port network for realiz-
inga WPT link, in general, two different solutions are of inter-
est [16, 17], namely the Maximum Power Delivered to the
Load (MPDL) solution, where the goal is maximizing the

an | ‘![ "2 Zuuf
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Fig. 1. Schematic representation of the problem is analyzed in this paper. A
reciprocal two-port network represented by its impedance matrix Z is
considered. The goal is determining the network parameters realizing the
optimal design for given values of the input impedance Z;, and of the load
resistance R;.

active power delivered to the load (P, = (1/2)R.|I|*), and
the Maximum Power Transfer (MPTE) solution, where the
goal is maximizing the efficiency of the link defined as [19, 20]:

n=—. (5)

The quantity P;, which appears in (5) is the active input power
delivered to the two-port network by the voltage generator:

1 R;
Pin — m

-V, (6)
2 |Zin|

where V, is the voltage at the input port of the link, while
Z;y = R;,, + jX;, is the input impedance of the network seen
by the generator. It can be noted that if Z;, is fixed, as in
the present case, the input power P;, that can be delivered
to the network by the generator is also fixed. Consequently,
from (5) it can be easily derived that maximizing the power
transfer efficiency also corresponds to maximizing the
power delivered to the load. Hence, in this case there is just
one optimal design that realizes both the MPTE and the
MPDL solutions.

In [16] it is shown that for a reciprocal two-port network
loaded by a purely resistive impedance and operating in
MPTE condition, the input and the load resistance coincide
with the conjugate image impedances.

The conjugate image impedances [21, 22] are an intrinsic
property of the network defined as illustrated in Fig. 2, and
can be computed as described in [21]. By recalling the
results reported in [21], the steps required for determining
the expressions of the conjugate image impedances of a
two-port network represented by its impedance matrix are
summarized in the following part of this section.

Referring to the two-port network shown in Fig. 1, it is con-
venient to define the parameters:

_;27 (7)

i lossy
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— network
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Fig. 2. Conjugate image impedances as defined in [21] (see Fig. 3 of [21]).
Upper figure: when port 2 is terminated on Z_, the input impedance seen
from port 1 is Z} (the asterisk denotes the complex conjugate). Similarly, in
the lower figure, when port 1 is terminated on Z, the input impedance seen
from port 2 is Z,.
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and to introduce the following definitions:
0, =1+ x2v1- &, (9)

0, = Xg . (10)
With these positions, the conjugate image impedances Z; can
be expressed as (see equation (6b) of [21]):

ZCI = Ra +ch1 = ru(er +]0x) _jx115 (11)

Zcz = Rcz +chz = rzz(er +]6x) _szz- (12)
In order to design a link with input impedance equal to R,,
and providing, when loaded by a resistance R;, maximum
power transfer efficiency, which in the present case also
implies maximum power to the load, the following conditions
must be imposed:

Z =
nT (13)

Z, = Ry.
According to (13), purely resistive values of the conjugate
image impedances have to be realized. From Fig. 2 and by
using the expressions (11) and (12), it is evident that this
requires to add two series compensating reactances X, and
X,, as shown in Fig. 3:

(14)

Xm =Tn ex — X115

Xer = 1220 — Xa5. (15)
Once the compensating reactances have been added to the
network, the optimal design can be realized by setting the
network parameters according to the following relations:

REI = ruer = Ro, (16)

Ry, =71,,0, = Ry. (17)
In the following sections, these equations will be used for cal-
culating the values of the inductances of a resonant inductive
link realizing the optimal design. Starting from the case where
the resonator on port 1 has a parallel configuration, and the

Re | Xah I3 X 5 . Rea
| (Zn z12 |
| z01  Zoo '
[ — &

Fig. 3. Schematic representation of a two-port network described by its
impedance matrix Z with compensating reactances on port 1 and 2. It is
assumed that the conjugate image impedances of the network are Z, =
R., +jX., and Z., = R, + jX.,. By adding the compensating reactance X,
on port 1 and X, on port 2, we obtain a network that, when terminated on
the resistive impedance R,,, presents a resistive input impedance R,,.

resonator on port 2 has a series configuration, different
schemes will be analyzed and discussed.

. OPTIMAL DESIGN OF A WPT
LINK USING A PARALLEL
RESONATOR MAGNETICALLY
COUPLED WITH A SERIES
RESONATOR

In this section, the theory developed in the previous part of the
paper will be applied to the resonant WPT link illustrated in
Fig. 4 and consisting of two coupled inductances with com-
pensating capacitances; as it can be seen from Fig. 4, a parallel
configuration is assumed on the primary side, while a series
arrangement is assumed on the secondary side. In the follow-
ing part of the paper this configuration will be referred as a PS
configuration. It is assumed that the link is driven by a sinus-
oidal voltage generator vg(t) = V¢ cos(wt) with internal re-
sistance Rg and that the output port of the link is connected
to a resistive load R;.

The resistors R, and R, represent the inductor losses and
are related to the inductor quality factors Q;, (i = 1,2) by the
following relation:

woLi

R,‘— Qi . (18)

It is also convenient to introduce the coupling coefficient

k= M/J/L,L,, the transform ratio n= /L,/L,, and the
reactance slope parameter of the primary resonator
X, = VL,/C,.

It can be noted that the link can be represented by the
equivalent circuit of Fig. 5, where the T-network formed by
the inductances -M, M and -M act as an immittance inverter.

According to the theory developed in the previous section,
our goal is to determine the value of the inductances for which
R;, = R, and the power transfer efficiency is maximum when
the network is loaded by a given R;.

Ry

S

Z, = Zow

Fig. 4. Schematic of a WPT link using a resonator with a parallel arrangement
on the primary side and a resonator with a series arrangement on the
secondary side.

Fig. 5. Equivalent circuit of the WPT link.
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A) Impedance matrix computation

In order to apply to the PS configuration of Fig. 4 the theory
presented in Section II, we need to determine the impedance
matrix of the network. To this end it is convenient to compute
its ABCD transmission matrix which can be expressed as the
product of the matrices T,, T;, T,:

T=TTT, (19)
where T, refers to the shunt capacitor C,, the series R,, and the
series L,, T; is the the ABCD matrix of the immittance invert-
er, while T, refers to the series L, with its associated resistance,
and the series capacitor C,. Assuming that the network is op-
erating at its main resonant frequency, the following expres-
sion can be derived for T, T; T,:

X, .
1 —+jX
T, = i ! i , (20)
X, Q
_jXok
T, = jn S (21)
kX,
X,
T, = (1 anz). (22)
(o] 1

Accordingly, for the total transmission matrix T we obtain:

_]n_an _j(Q1Q2k2+1)Xo_Q1X0

Qlk Ql szn
r= n QQk +1 - (23)
Ql kXo Ql Qz kn

From (23), it can be derived that the impedance matrix has the
following expression:

o-j &k
I n
Zps = Q. k Q,Q,k* +1 Xo. (24)
n Q,n?

B) Optimal design of the PS configuration:
network parameters determination

In the case of a PS configuration, the parameters defined in
(10) for the general case are:

1

0, = ————,
NN (25)

0, = o. (26)

The conjugate image impedances are readily obtained

Zm,ps - (Ql ar +]) X07 (27)

1

In order to realize resistive values for the conjugate image
impedances, from (27) and (28) it is apparent that we need
to insert an additional inductance of the same value of L,
(i.e., X, ps = wL,) on the primary side, while no modification
is necessary on the secondary side (i.e., no compensating
reactance is necessary on port 2). Accordingly, the network
becomes the one illustrated in Fig. 6 and the optimal design
can be realized by using (16) and (17) for setting the values
of the inductances L,, L,.

To this end, it is convenient first to compute the conjugate
image impedances as

(28)

RCl,ps = Ql 0,w,L,, (29)
w,L,
R = . 0
c2,ps 6,Q,n (30)
Then, by imposing that
Rm,ps = Ro» (31)
Rcz,ps = RL? (32)

it is possible to recover the values of the inductances realizing
the optimal design:

R,
Lipg=—2—,
= 0.0, (33)
Q. R0,
Ly ps = wOL . (34)

V. PSCONFIGURATION: ANALYSIS
OF THE PERFORMANCE

Let us consider a real impedance matrix, as obtained e.g. for
the PS configuration when the compensating reactances X,
and X, have been added in series to port 1 and port 2.
When considering a 1 V (peak amplitude value) voltage gen-
erator connected to port 1, we have the following two

Z,

Fig. 6. A series inductance L, has been added on the primary side in order to
realize a real conjugate image impedance.
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equations for the currents:

1 :Il (RG+711)+Izr12, (35)
0= Iz (RL + Tzz) + Il 12 (36)
with solutions
RL + (27
1= ) (37)
(Rg + 1) Ry +13,) — (oS
r12
L =- . (38)
: (RG + 7’11)(RL + rzz) - rfz
Accordingly, the input resistances R =1/I, and
Riy =R}, — R are:
/ r2
R, =Rg+r, ——2—,
in G 1 RL 4 T2 (39)
Ry, =r,— N . (40)
m 11 RL + r22

The expressions of the input power P, =1I,/2 and P;, =
Ry, |1, |?/2 are:

/ 1 RL + 1£7)
= — , (41)
2 (Rg+111) (Rp +155) — rfz
Pin — 1 (RL + rzz) [ru (RL + 722) - ffz] (42)

2 [(RG + 1’11) (RL + rzz) - riz]z '

while the power on the load P; = R;|L,|*/2 and the efficiency
1= Py/P;, and 0/ = Py /P, are written as:

1 r, R
P == 12 . (43)
b 2 [(Rg +111) (R +13,) — ri}_]z
n = UL (44)
(RL + 722) [rll (RL + rzz) - rfz] ,
r> R
7 S (45)

TR+ 722) [Rg 4+ 111) (R + 120) — 12,1

By performing the derivative of the efficiency 7 with respect to
the load resistance R; and equating to zero, the following so-
lution for R; is recovered:

1,2
Ry = rzz‘l 1——2 (46)
r11r22
Finally, replacing (47) into (40) yields
r?_
Rip = 1y /1 — —2. (47)
rlerZ

These results ar coincident with the conjugate image para-
meters computed for a purely resistive impedance matrix.

A) Specialization to the PS case

In the PS case the impedance network parameters take the fol-
lowing form

rn = wOLl Q1a (48)
oLy 1k
P, = el Q . (49)
n
woL, (Q QK +1)
T = . (50)

Q,

By inserting the values of (48) and (50) into (40), (43), and
(44), the following expressions are obtained:

Wy Ll Ql(QzRL + woLz)

Rin - )
Q.R; + w,L,(Q,Q,k* + 1) (5)
P = 1 ngl Q’;LZQikZRL (52)
' 72 T(Re + 0L Q)(Q:R; ’ ’
+ w,L,) + 0, Q, L, Q, k2]2
W, Q1 Lz Qz k> RL
m (53)

" (QuRL+ @oLo) [QR; + 0, Ly(Q QK> + 1)]

It is possible to show that, by selecting L, in order to to maxi-
mize the efficiency and, subsequently, by selecting L, in order
to realize the desired input impedance (i.e., R;, = R,), the
results in (33) and (34) are recovered.

When the inductances are selected according to (33) and
(34), and by introducing the parameter ¢, the expressions of
the efficiency and the power on the load corresponding to
the optimal design are given by:

n= % (54)
n =ngn, (55)
P, =P,m, (56)
where
(=V1+kQQ, (57)

is a parameter, which only depends on the coupled inductors
properties (ie. on the coupling factor and on the quality
factors),

R,
= 8
NG Ro+R, (58)
represents the generator efficiency, and
1 R,
° = Ro LR (59)

is the power delivered by the generator when connected to a
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load resistance R,. It can be observed that equations (54) and
(55) are of general validity, and can be used to evaluate the

two-port network:

network performance also in the case where the generator is 1 jk

a nonlinear circuit whose behavior can not be represented Q, n

by a Thévenin-like equivalent circuit. In this case, however, Zss = jk 1 Xo. (60)
the actual generator efficiency and power must be used noQun

instead of (58) and (59).

V. OPTIMAL DESIGN FOR THE PP,

Accordingly, the expression of the conjugate image impe-
dances is:

VQ1Q2k2+1X

ZLerss = 0 (61)
SP AND SS CONFIGURATIONS ' Q,
Depending on the arrangement adopted for the resonator on .
port 1 and the one on port 2, in addition to the PS configuration oo =Y QQ.k +1 X,. (62)

that has been discussed in the previous part of this paper, three
further configurations are possible: the SS, the PP, and the SP
configuration (see Fig. 7). The conjugate image impedances cor-
responding to the four possible configurations and the values of
the inductances realizing the optimal design are summarized in
Table 1, the normalized impedance matrices, and some discus-
sions are reported in the following.

Q,n?

It can be seen that both Z,  and Z,, i are purely resistive; as a
consequence, no compensating reactances are necessary.
More specifically, the inductances realizing the optimal
design are:

Qi R,
e SS. In this case a series arrangement is considered for both Ly = —————, (63)
p 0o/ Q: Q k> +1
the resonator on port 1 and the resonator on port 2 (i.e. the
capacitor C, is in series to the inductor L,, and the capaci- R
tor C, is in series to the inductor L,, see Fig. 7(a)). The fol- L= QR (64)

lowing impedance matrix can be calculated for the

M

M

wo VU QR+ 1

M

(b)

+ M
Ch=—In

(d)

Fig. 7. Possible schemes for coupled resonators. (a) SS configuration, (b) PP configuration, (c) SP configuration, and (d) PS configuration. The case of ideal
resonators with zero-losses (i.e. the case where R1 and R2 are equal to zero) is depicted.

Table 1. Conjugate image impedances at port 1 (Z,,) and port 2 (Z,,). Inductance values for given R,, Rp.

Case Z., /X, Z.,/X, L, L,
Ss VQiQ k41 VQQk* +1 QR Q. R;
Q Q,n? 0o~/ Q QK> + 1 WoA/Q QK> +1
PP Q ny Q. _,’_i VQ.Q.k* + 1R, VQ, Q. k> + 1R,
VQQ k41 ! VQ Q. k* +1n*  n? @, Q, @, Q,
PS Q, +i VQiQ k41 VQ,Q, k> 4 1R, Q. Rp
JaaR 1! Q. 0 Q; 0/ QR T 1
Sp VQleszFl Qz +i Q1Ro VQ1Q2k2+1RL
Q VQQk+1 W/ Q QK> + 1 @, Q,
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e PP. In this case a parallel arrangement is considered for
both the resonator on port 1 and the resonator on port 2
(i.e. the capacitor C, is in parallel with the inductor L,,
and the capacitor C, is in parallel with the inductor L,,
see Fig. 7(b)). The following impedance matrix can be cal-
culated for the two-port network:

Q . jQQk
, _| @er+i) T@ak+on |y
7 jQiQ.k Q. il

QR+ (QQE+yn
(65)

Accordingly, the expression of the conjugate image impe-
dances is:

~ Q .
Zourr = (ml CNE ) o (66
_ Q. J
Zcz,pp = ( Q. inkz g + n2> Xo. (67)

It can be seen that both Z, ,, and Z, ,, have a non-zero im-
aginary part; as a consequence, it is necessary to add a com-
pensating reactance on both port 1 and port 2. More
specifically, the parameters realizing the optimal design are:

Xa,pp = oL, (68)
Xcz,pp = wl,, (69)
VQi Q. k* + 1R,
L1,pp = T s (70)
VQ, Q. k* +1R
Lypp =1 1L (71)

Wo Q2

e SP. In this case a series arrangement is considered for the
resonator on port 1 (i.e. the capacitor C, is in series to
the inductor L,), while a parallel configuration is consid-
ered for the resonator on port 2 (i.e. the capacitor C, is
in parallel with the inductor L,, see Fig. 7(c)). The imped-
ance matrix of the two-port network is:

QQk+1  Qk
Q n
Zy = | Xo. (72)
? Q2 k Qz —J
n n*
For the the conjugate image impedances we have:
VQ,Q, k41
Zc1,sp = <L> Xm (73)
Q
Q. J
Zogp=|—T7—mr—=+)X.
. (JQZ kT nZ) 74

It can be seen that Z, ;, is purely resistive while Z, 5, has a
non-zero imaginary part; as a consequence no compesating
reactance is necessary on port 1 (ie., the reactance X, is
not necessary), while a compensating series reactances X,
has to be added on port 2. More specifically, the parameters
realizing the optimal design are:

Xcz,sp = wL27 (75)
QR
Ly ="FF—F—7FY7Y, 6
P oA QR T 76)
N Q1 Q2k2 + 1RL
Ly=———-~—"". (77)

W, Q,

Considering that the proposed design approach allows maxi-
mizing the performance independently of the port where the
generator/load is connected to, the PS and SP schemes are
completely equivalent; in both cases, by adding to the
two-port network the reactance X, or X, an impedance
matrix where all the terms are purely resistive is obtained.
According to the theory developed in Section IV, the perform-
ance of the link, which corresponds to these schemes are the
ones summarized in (54)-(56). As for the impedance matrices
of the PP and the SS schemes, they are always complex; in par-
ticular, for these schemes the term z,, is purely imaginary even
after the compensation that is necessary for the PP scheme.
However, as demonstrated in the Appendix, the performance
of the link corresponding to these schemes are still given by
(54)-(56).

Additionally, from Table 1, it can be seen that in the case of
a resonator using a series configuration the inductance neces-
sary for realizing the optimal design has a dependence on the
coupling coefficient k of the type 1/4/Q, Q,k> + 1, while in
the case of a resonator using a parallel configuration it has a
dependence on k of the type +/Q, Q, k* + 1. As a consequence,
for equal values of the problem data (i.e., for equal values of
R, Ry, k, Q,, and Q,), the optimal values of L, and L, are
very different for a series or a shunt configuration. This con-
sideration is highlighted in Fig. 8, where the inductances real-
izing the optimal design are reported for k varying between o
and 1. The case of a WPT link using resonators with a quality
factor equal to 100 (i.e. Q, = Q, = 100) and with the require-
ment of having at both an input and a load impedance of 50 ()
(i.e. R, = Ry = 50 ) is reported. Lg is the inductance neces-
sary in the case of a resonator using a series configuration,
while Lp is the inductance necessary in the case of a resonator
using a parallel configuration. As it can be seen, in general, for
a given value of k, very different values of the inductance are
necessary depending on whether the resonator uses a parallel
or a series configuration.

VI. NUMERICAL EXAMPLES

Let us consider the case of a resonant inductive WPT link
using a PS configuration and operating at the frequency of
6.78 MHz. The parameters of the link are summarized in
Table 2; it is assumed that the coupling coefficient is k =
0.5, that the resonators have a quality factor equal to 100
(ie. Q,=Q,=100). If we select, eg. R, =R, =50 (),
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120 - . . . 1.2
1004 F1.0
80 F0.8
T +
2 60+ F0.6 =
= E
404 —L, (uH) L0.4
—L, (uH)
20+ L0.2
0 : : - : 0.0
0.0 0.2 0.4 0.6 0.8 1.0
k

Fig. 8. Inductances realizing the optimal design for different values of the
coupling coefficient k. The following values have been assumed: Q, = Q, =
100, R, = R; = 50 {); while k is varied between o and 1. Lg is the inductance
necessary in the case of a resonator using a series configuration, while Lp is
the inductance necessary in the case of a resonator using a parallel
configuration.

according to (33) and (34), the value of the parameters realiz-
ing the optimal resonant coupling are given in Table 3.

The behavior of the power and of the efficiency as calcu-
lated by circuital simulations for the optimal design of the
link are given in Figs 9 and 10. In more detail, Fig. g illustrates
the power on the load and the efficiency calculated by varying
the value of the inductance L,, while the results reported in
Fig. 10 have been calculated by varying the value of the induct-
ance L,. As it can be seen from these figures, the reported
results confirm that both the power on the load and the effi-
ciency are maximized when L, and L, assume the values
reported in Table 3. Additionally, according to the analytical
expression of the efficiency (53), from Fig. 9 it can be seen
that circuital simulations confirm that the efficiency of
the link does not depend on L,. Further results are given in
Figs 11 and 12. These figures compare the results calculated

Table 2. Numerical example analyzed in Section VL.

Parameter Value

fo 6.78 MHz
Rg 50

R, 50 ()

R, 50 )

Q, 100

Q, 100

k 0.5

Table 3. Values of the parameters realizing the optimal design for the
example are given in Table 2.

Parameter Value

L, 0.587 uH
L, 2.347 pH
C, 938.8 pF
C, 234.8 pF
p;, 2.5 mW
P, 2.402 mW
n 0.961

The performance calculated by using the optimal design of the network
are also reported.

1.00 T T T

2.5
0.95 g
2.0 2
0.90 g
g s
E L1.5 =
:g 0.85 F
=) =3
= 0
0.80- Fl.0=
Z
0.754 0SS

0.70 - . . 0.0

0 5 10 15 20

L, (uH)

Fig. 9. Power on the load and efficiency for the example of Table 2; it is
assumed that a 1V (peak amplitude value) voltage generator is on port 1
and that the load is on port 2. The results obtained by circuit simulations by
varying the value of the inductance L, are reported; the value of C, is also
varied according to the formula C, = 1/(w}L,). It can be seen that P is
maximized for L, = 0.587 uH, while the efficiency 7 is insensitive from L,.

1.00 T T T

0.95 4

0.90+

Efficiency
=
o
Lh

(AL W) prO| Y1 U0 1DMOJ

0.80

0.75 -0.5

0.70 . . . 0.0
0 5 10 15 20

L, (uH)

Fig. 10. Power on the load and efficiency for the example of Table 2; it is
assumed that a 1V (peak amplitude value) voltage generator is on port 1
and that the load is on port 2. The results obtained by circuit simulations by
varying the value of the inductance L, are reported; the value of C, is also
varied according to the formula C, = 1/(w}L,). It can be seen that both P,
and 7 are maximized for L, = 2.347 uH.

0.962 T T T 0.962
Z -A-T] with compensating inductance
% 0.961 - — 1] without compensating inductance L0.961
£ A A A A A A A A A
0.960 T T T 0.960
0 5 10 15 20
L, (uH)

Fig. 11. Efficiency for the example of Table 2 calculated by circuit simulations
by varying the value of the inductance L, are reported; the value of C, is also
varied according to the formula C, = 1/(®?L,). It is assumed that a 1 V (peak
amplitude value) voltage generator is on port 1 and that the load is on port 2.
The results obtained with and without the series compensating inductance L,
are reported.

for the efficiency and the power on the load with and
without the series compensating reactance X,,. As it can be
seen, the compensating reactance placed on the input side
only affects the output power level, while the efficiency is
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25 T r T 25
:; 2.04 - Pl with compensating inductance 2.0
g —Pl without compensating inductance
2 15- 1.5
P
=
£ 1.0 1.0
5
=
£ 0.5 0.5
0.0 T T T 0.0
0 5 10 15 20

L, (uH)

Fig. 12. Power on the load for the example of Table 2 calculated by circuit
simulations by varying the value of the inductance L, are reported; the value
of C, is also varied according to the formula C, = 1/(w}L,). It is assumed
that a 1 V (peak amplitude value) voltage generator is on port 1 and that the
load is on port 2. The results obtained with and without the series
compensating inductance L, are reported.

independent of X,. On the other hand, if the input and output
port roles are exchanged (i.e. the network is operated in SP
configuration), and thus the compensating reactance is
placed on the output side, its value affects both the output
power and the link efficiency, as shown in Figs 13 and 14.

VII. CONCLUSION

The optimal design of a resonant inductive WPT link has been
discussed. With regard to the requirement of common prac-
tical applications, where the source and the load are usually
given, the problem of determining the link parameters maxi-
mizing the performance with respect to assigned values of the
input and the load impedances has been solved.

Differently from the inverse problem (i.e. the case where
the parameters of the link are given and the problem is to
find the expression of the optimal terminating impedances),
for which previous works demonstrated that different

1.00 T T T 1.0

-A-T with compensating inductance
— 1) without compensating inductance
0.90 F0.9
=
2
'3 0.801 L0.8
&
0.70 F0.7
0.60 T T T 0.6
5 10 15 20

L, (uH)

Fig. 13. Efficiency for the example of Table 2 calculated by circuit simulations
by varying the value of the inductance L, are reported; the value of C, is also
varied according to the formula C, = 1/(®} L,). It is assumed that a 1 V (peak
amplitude value) voltage generator is on port 2 and that the load is on port 1.
The results obtained with and without the series compensating inductance L,
are reported. The maximum value calculated for the case where the
compensating inductance L, is not present is 0.956, while the one obtained
when L, is present is 0.961.

25 T T T 2.5
g 2.04 -A-P| with compensating inductance F2.0
—% —PL without compensating inductance
g 1.5 1.5
P
=
g 1.0 1.0
£ 0.5 H0.5
h
0.0 T T T 0.0
0 5 10 15 20
L, (uH)

Fig. 14. Power for the example of Table 2 calculated by circuit simulations by
varying the value of the inductance L, are reported; the value of C, is also
varied according to the formula C, = 1/(w}L,). It is assumed that a 1V
(peak amplitude value) voltage generator is on port 2 and that the load is on
port 1. The results obtained with and without the series compensating
inductance L, are reported.

configurations of the link are necessary for maximizing
either the power on the load or the efficiency, in this work it
has been demonstrated that when the link has to be designed
in order to operate with given values of the input and load im-
pedance, there is just one optimal design that allows simultan-
eously maximizing both the power on the load and the power
transfer efficiency of the link. It has been shown that this
optimum design can be obtained by imposing that the given
input and load resistances coincide with the conjugate
image impedances of the two-port network used to realize
the link. The general case where the two coupled resonators
have a parallel or a series arrangement has been considered
and closed-form analytical formulas have been reported for
all the possible configurations of the link (SS, SP, PS, and
PP). Results obtained by circuital simulations and demon-
strating the validity of the reported theory have been also
reported and discussed. As a possible development of the
present work, it could be of interest to extend the presented
solution to a single transmitter-multiple receivers WPT link,
which models a practical application where the link is used
to power two or more devices.

APPENDIX

Analysis of the performance of the SS and the PP schemes.

In this Appendix, the performance corresponding to an SS
and a PP scheme will be analyzed. As already seen in Section
V, the SS scheme does not require compensating reactances,
while the PP scheme requires a series compensating reactance
on both ports. After the addition of the series compensating
reactances to the PP scheme, for both the PP and the SS
scheme, the impedance matrix is of the type:

7 = T j-x12
JXi o T
As it can be seen from (A.1), the term z,, is complex.

Assuming that a voltage generator connected to port 1 and
that it has a peak amplitude of 1V, the following two

(A1)
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equations can be obtained for the currents:

1= Il (RG + 1’11) +j12x12s (AZ)
o=1, (RL + rzz) +]11 X12 (A3)
with solutions
Ry +7,,
L= 2 —, (A.q)
(Rg + 111) (Rp +15,) + X1,
I = % . (A.5)

a (Rg +111) Ry +155) + X3,

Accordingly, the
Riyy =R, — R are:

input resistances R], =1/I, and

x?
/
Rin = RG + 11 —i2z

, A6
+ Ry + 1,5, (A.6)

2
X

Ry =1, + 12 .
RL + 720

(A7)

The input power P;, = I, /2 and P;, = R;,|I,|*/2 have the fol-
lowing expressions:

, 1 Ry + 1,5,
- , (A.8)
" 2 (RG + 7’11) (RL + rzz) + Xi‘z

L 1 (RL + r22) [rll (RL + 722) + xf;] (A 9)

2 [(Rg + 1) (Rp + 1) + xi-z]2 ,

while the power on the load P; = R|L,|*/2 and the efficiency
1= Py/P;, and nf = Py /P}, are written as:

2

R

PL = i x12 L 2 (A.IO)
2 [(RG + 7’11) (RL + rzz) + xfz]
x22 RL
= L s A.11
K (RL + rzz) [rll (RL + rzz) + xfz] ( )
2 R

7 %a L (A.12)

- (RL + 722) [(RG + rn)(RL + r22) + Xi‘z] '

e Specialization to the SS case

In the SS case the impedance network parameters take the fol-
lowing form:

w, L
= % (A.13)
L.k
x,, = ot (A.14)
n
w, L,
VY = (A15)
Q,n?

By inserting the values of (A.13)-(A.15) into (A.7), (A.10),
and (A.11), the following expressions are obtained:

— a)OLl[QzRL + wOLZ(Ql sz2 + 1)]

Rin , A.16
Ql (woLz + QzRL) ( )
1 w>L, Q*L, Q*k*R;,
P =" o1 it : A.
L= QRa + @0l ) QuRy + woLy) (A.17)
+ woLz Q1 Qz k2 RG]2
0 Q. L, Q2k*R
n @0 QuL, G KR, (A.18)

T (QuRL + woLy) [QuR, + @0 L(Q Q. k> + 1)]

As already discussed for the PS case, it is possible to show that,
by selecting L, for realizing the desired input impedance (i.e.
Ri, = R,), and by selecting L, for maximizing the efficiency,
the results in (63) and (64) are recovered.

When the inductances are the ones given in (63) and (64),
for the efficiency and the power on the load corresponding to
the optimal design we have:

{—1
= s A
Ui [t (A.19)
n =g, (A.20)
P, =P,n, (A.21)

which are coincident with (54)-(56).
e Specialization to the PP case

In the PP case the impedance network parameters take the fol-
lowing form:

_ ®oL,Q
Y, = Ql Q2k2 + 1 5 (A.22)
_ oL QiQk
Tk ) (4.23)
_ w, L, Q,
=T RQ ek (A2

By inserting the values of (A.22)-(A.24) into (A.7), (A.10),
and (A.11), the following expressions are obtained:

woL, Q,(Rp + 0, L, Q,)

in — . A.

Ri(Q QK + 1) + 0oL, Q; (4:25)
1 oL, Q*L, Q*k*R;,
P, =- o ! 2 A.26
t 2 [(Rg + @oL, Q) (R + w,L,Q,) ’ (&.26)
+ woLz Ql Qz szG]2
o Qi L, QCk*R

" L - (A27)

TR+ 0L, Q) [RUQ QK + 1) + 0, L, Q]

Also in this case it can be easily verified that, by selecting L, for



OPTIMAL DESIGN OF A WPT LINK USING PARALLEL AND SERIES RESONATORS

realizing R;, = R,, and by selecting L, for maximizing the ef-
ficiency, the results in (70) and (71) are recovered.

When the inductances are the ones given in (70) and (71),
the expression given in (A.19) and (A.21) can be recovered for
the efficiency of the link and the power on the load, thus dem-
onstrating that the performance of the WPT link are the same
for the four analyzed approaches.
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