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In this paper, a resonant inductive wireless power transfer link using a relay element is analyzed. Different problems of prac-
tical interest are considered and solved by modeling the link as a lossy two-port network. According to the two-port network
formalism, the standard gain definition (i.e. the power, the available, and the transducer gains) are used for describing the
network behavior. Firstly, the case of a link with given parameters is considered and the analytical expressions of the optimal
terminating impedances for maximizing the link gains are derived. Later on, the case of a link with given source and load is
analyzed and the possibility of maximizing the performance by acting either on the transmitting or on the receiving side is
investigated. It is shown that by using a single relay element, it is not always possible to maximize all the figures of merit that
could be of interest in the WPT context. Theoretical data are validated by comparisons with circuital simulation results.
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I . I N T R O D U C T I O N

Wireless power transfer (WPT) is increasingly recognized
from both academia and industry as a promising solution
for the recharging of electronic systems without a physical
connection to a power grid [1–7].

Among the possible strategies, for applications where the
goal is a contactless recharge, the attention has been focused
on the use of resonant inductively coupled systems, which
allow maximizing the performance for mid-range WPT
links [8–12].

In this regard, the case of two inductively coupled resona-
tors has been deeply investigated in the literature. In particu-
lar, in [10] the expression of the load impedance which allows
maximizing either the power on the load or the efficiency has
been derived for a link with assigned parameters. In [13], the
equations for designing the optimum link for given values of
the source have been reported.

However, although the results reported in the literature
demonstrate that for the case of a two-coil link both the
power on the load or the efficiency can be maximized by
appropriately setting the relevant parameters, the efficiency
quickly drops as the transfer distance increases.

Accordingly, the use of multi-resonator systems, where one
or more relay resonators are added between the transmitting
and the receiving ones, has been proposed as a viable strategy
for increasing the transfer distance [14–27]. In particular, in
[21] the case of a multi-resonator WPT link in a domino
arrangement is studied; the analytical expressions of the
optimal load and maximum efficiency are derived. It is also
experimentally demonstrated the possibility of controlling
the power flow in a multi-coil link in various domino arrange-
ments (i.e. straight, curved, circular, and y-shaped). In [28],
the case of a multi-resonator link with a single transmitter
and multiple receivers is investigated demonstrating that the
number of resonators influences the power division ratio of
each receiver.

However, the most analyzed case is the one of a link using
either three or four resonators. In this regard, in [22] the case
of a four-resonator scheme achieved by using two relay reso-
nators has been experimentally investigated demonstrating
the possibility of improving the efficiency with respect to
the basic scheme using just two resonators.

In [23], an asymmetrical four-coil link is theoretically
investigated. It is shown that for a desired value of the effi-
ciency, there is a maximum operating distance which can be
achieved; similarly, for a given operating distance there is a
maximum value of the efficiency which can be realized.

In [24, 26] the case of a three-resonator link has been ana-
lyzed. More specifically, in [24] the coupled mode theory has
been used for deriving the efficiency corresponding to different
configurations of the relay element with respect to the transmit-
ting and the receiving resonators; the reported results
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demonstrate that the use of the intermediate resonator allows
improving the efficiency even in the case where it is perpen-
dicularly arranged with respect to the two-resonator link.

Similarly, in [25] the advantages of a three-coil link are
exploited in the context of medical implants. The idea suggested
in [26] is to use the relay resonator to shift the current stress from
the transmitting resonator to the relay element in such a way to
improve the magnetic coupling with the receiving coil.

In [27], based on the reflected load theory, a design procedure
for maximizing the efficiency of a link using three and four reso-
nators has been proposed. The performance of the network is
described in terms of the two common figures of merit usually
adopted for the analysis of WPT links, namely the power transfer
efficiency and the active power delivered to the load.

According to the theoretical results achieved for the power
on the load and the efficiency of these two schemes, the
authors conclude that the three-coil configuration provides
the best compromise for the achievable performance in
terms of power on the load and efficiency.

This discussion is further deepened in the present paper,
where an alternative approach is proposed for solving the
same problem. In more detail, the case of a three-resonator
link is considered; as in [27], the three-resonator link is
described as a lossy linear two-port network and the relay
element is treated as a further degree of freedom of the
system, which can be used to optimize the performance.
With respect to the analysis proposed in [27], in the present
paper, the gain definitions usually adopted in the context of
two-port active networks are used for describing the network
behavior. It is shown that this approach is completely equiva-
lent to the description of the network based on the power trans-
fer efficiency and active power on the load. However, the use of
three gain definitions that are well established and consolidated
in the literature has two main advantages: (1) it eliminates pos-
sible ambiguity related to the definition of the variables of inter-
est in the efficiency calculation; (2) it simplifies the calculation
and the optimization of the figures of merit of interest. In fact,
the three gain definitions adopted in the present paper are
usually available in common circuital simulators.

The relevant design equations for the best configuration of
the relay element are derived; the best design is expressed in
terms of closed form equations of the coupling coefficients
of the relay element with the transmitting and the receiving
resonators. It is shown that the three-resonator scheme does
not allow the analytical maximization of all the figures of
merit that could be of interest in the WPT context.

The paper is organized as follows: in Section II, the relevant
gain definitions are introduced; in Section III, the definition of
conjugate image impedances of a two-port network is briefly
recalled and the conditions for maximizing the gains of the
network are given and discussed. In Section IV, the analyzed
problem is introduced and analytical formulas are derived
for the solutions of interest. Later on, in Section V, the
theory is validated through circuital simulations; finally, con-
clusions are drawn in Section VI.

I I . G A I N D E F I N I T I O N S F O R
T W O - P O R T N E T W O R K S

A two-port network, realized either without relay elements or
with one or more relay elements, is advantageously described

by gain functions. The latter description is commonly used for
amplifiers and can naturally be employed also in the context of
WPT. In this section, after a brief definition of the relevant
quantities, the most commonly used gain definitions are
introduced.

It is assumed that the two-port network realizing WPT is
known and a description is available in terms, e.g., of its
impedance parameters

zij = rij + jxij (1)

with (i, j) ¼ 1, 2. It is also assumed that the input and output
ports are connected to a sinusoidal voltage generator VG with
internal impedance ZG ¼ RG + jXG, and to a load impedance
ZL ¼ RL + jXL, respectively.

It order to derive the gain functions, it is convenient to
represent the two-port network by the Thévenin equivalent
circuit depicted in Fig. 1. To this end, the current I2 on the sec-
ondary side is first derived as:

I2 = − z21

z22 + ZL
I1 , (2)

which allows to obtain the following expression for the input
impedance:

Zin = Rin + jXin = V1

I1
= z11 −

z12z21

z22 + ZL
. (3)

The voltage on the secondary side may be then written as:

V2 = z22 −
z12z21

z11 + ZG

( )
I2 +

z21

z11 + ZG
VG , (4)

which provides the following expression when the generator is
short circuited:

Zout =
V2

I2

∣∣∣∣
VG=0

= z22 −
z12z21

z11 + ZG
. (5)

Finally, the Thévenin equivalent voltage is readily obtained
as:

Vth = V2|I2=0=
z21

z11 + ZG
VG . (6)

Referring to Fig. 1, which illustrates the powers of interest,
in the following part of this section, the relevant gain defini-
tions will be introduced.

A) Power gain
The power gain is defined as the ratio between the power
delivered to the load and the input power to the two-port
network:

GP = PL

Pin
. (7)
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The input power is readily evaluated as:

Pin = 1
2

Rin|I1|2, (8)

and the output power is given by:

PL = 1
2

RL|I2|2 . (9)

The power gain can therefore be expressed as:

GP = RL

Rin

I2

I1

∣∣∣∣
∣∣∣∣2= RL

Rin

z21

z22 + ZL

∣∣∣∣
∣∣∣∣2. (10)

It is noted that GP depends on the load impedance ZL, but does
not depend on the generator impedance ZG. In addition, in the
WPT context, the power gain is often identified with the effi-
ciency h [27].

B) Available gain
Another gain expression is the available power gain, which is
defined as the ratio between the maximum available load
power PA and the available input power PAG:

GA = PA

PAG
. (11)

The available input power PAG is given by:

PAG = |VG|2
8RG

, (12)

while the maximum available load power PA is:

PA = |Vth|2
8Rout

. (13)

Hence, their ratio provides:

GA = RG

Rout

Vth

VG

∣∣∣∣
∣∣∣∣2= RG

Rout

z21

z11 + ZG

∣∣∣∣
∣∣∣∣2 . (14)

It can be noted that the available gain is only related to the
generator impedance, and does not depend on the load
impedance.

C) Transducer gain
The transducer gain of a two-port network is defined by the
relation:

GT = PL

PAG
. (15)

By deriving I2 as a function of VG:

I2 =
Vth

Zout + ZL
= z21VG

(z11 + ZG)(z22 + ZL) − z12z21
(16)

and replacing this expression in (9), one obtains:

GT = 4|z21|2RGRL

|(z11 + ZG)(z22 + ZL) − z12z21|2
. (17)

This expression shows that GT depends both on ZG and ZL.
From the definition of GT given in (15), it can be observed

that, if the available power is fixed, maximizing the transducer
gain is equivalent to maximize the power on the load PL. In
fact, GT is quantitatively coincident with the power delivered
to the load for PAG = 1W. It should also be noted that, in
order to keep PAG constant, if RG is varied, VG has to be
varied accordingly, as it happens when a matching network
is inserted between the generator and the input port.

This shows that the two approaches usually adopted in the
WPT context (i.e. the one aiming at maximizing the efficiency
of the link and the one aiming at maximizing the power on the
load) are equivalent to maximize either GP or GT.

Fig. 1. (a) Equivalent circuit of a two-port network with Thévenin representation. (b) Definition of the available generator power PAG. (c) Definition of the
available output power PA.
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I I I . C O N J U G A T E I M A G E
I M P E D A N C E S O F A T W O - P O R T
N E T W O R K A N D G A I N S
M A X I M I Z A T I O N

In this section, the conditions for maximizing the gains
defined in Table 1 will be discussed. To this end, it is useful
to recall the definition of conjugate image impedances of a
two-port network [29, 30].

A) Conjugate image impedances
The conjugate image impedances of a two-port network, Zc1

and Zc2, are defined as in Fig. 2. When port 2 is terminated
on Zc2, the input impedance seen from port 1 is the
complex conjugate of Zc1 (i.e. Z∗

c1); similarly, when port 1 is
terminated on Zc1, the input impedance seen from port 2 is
the complex conjugate of Zc2 (i.e. Z∗

c2). The conjugate image
impedances are an intrinsic property of the two-port
network and, by using the terms of the impedance matrix,
can be expressed as [30]:

Zc1 = Rc1 + jXc1 = r11(ur + jux) − jx11, (18)

Zc2 = Rc2 + jXc2 = r22(ur + jux) − jx22, (19)

where the following definitions have been used:

ur =

����������������������������
1 − r2

c

r11r22

( )
1 + x2

c

r11r22

( )√
, (20)

ux = rcxc

r11r22
, (21)

rc = Re
�������
z12z21

√{ }
, (22)

xc = Im
�������
z12z21

√{ }
. (23)

It is worth observing that in the case where the terms of the
impedance matrix are real quantities (i.e. the terms xij ¼ 0,
(i, j) ¼ 1, 2), the complex conjugate image impedances
become purely resistive quantities, and are referred to as
image resistances. Another particular case, which is frequently
encountered in the WPT context, where Zc1 and Zc2 are purely
resistive, is that where z11 and z22 are real, while z12 and z21 are
purely imaginary.

B) Maximization of the gains for a generic
two-port network
According to the definitions given in Table 1, it can be shown
that:

† the power gain GP is independent of ZG, while it depends
on ZL and is maximized for ZL ¼ Zc2;

† the available gain GA is independent of ZL, while it depends
on ZG and is maximized for ZG ¼ Zc1.

As per the transducer gain GT, since

PL ≤ PA,

Pin ≤ PAG,
(24)

it results

GT ≤ GP,

GT ≤ GA.
(25)

In particular, it can be noted that:

† GT ¼ GP if the power-matching condition ZG = Z∗
in is rea-

lized at the input port;
† GT ¼ GA if the power-matching condition ZL = Z∗

out is rea-
lized at the output port;

Table 1. Gain definitions and expressions.

Definition General expression Three-coil WPT link

GP PL

Pin

RL

Rin

z21

z22 + ZL

∣∣∣∣
∣∣∣∣2 x2

13x
2
32T

x2
13 + x2

32T + 1
( )

x2
32T + 1

( )Q2T

QL

GA PA

PAG

RG

Rout

z21

z11 + ZG

∣∣∣∣
∣∣∣∣2 Q1T

QG

x2
1T3x

2
32

x2
1T3 + 1

( )
x2

1T3 + x2
32 + 1

( )
GT PL

PAG

4|z21|2RGRL

|(z11 + ZG)(z22 + ZL) − z12z21|2
Q1T

QG

4x2
1T3x

2
32T

x2
1T3 + x2

32T + 1
( )2

Q2T

QL

Fig. 2. Conjugate image impedances as defined in [30].
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† GT ¼ GP ¼ GA if the power-matching condition is realized
at both the input and the output ports, which requires ZG ¼

Zc1 and ZL ¼ Zc2.

Hence, it can be concluded that:

† if ZG (or ZL) is fixed, the maximum value of GT is obtained
for ZL = Z∗

out (or ZG = Z∗
in);

† if both ZG and ZL can be optimized, the maximum values of
GT is obtained for ZG ¼ Zc1 and ZL ¼ Zc2.

The previous discussion also shows that the maximum of
GP with respect to (w.r.t.) ZL, the maximum of GA w.r.t. ZG,
and the maximum of GT w.r.t. ZG and ZL are equal. In the fol-
lowing their common value will be denoted by GM.

I V . W P T W I T H O N E R E L A Y
E L E M E N T

A) Problem description
The problem analyzed in this paper is schematically repre-
sented in Fig. 3. The case of a resonant inductive WPT link
with a relay element is considered. It is assumed that the
link is driven by a sinusoidal voltage generator with angular
frequency v0 and internal resistance RG, and that it is con-
nected to a purely resistive load RL.

In the following, the transmitting (TX) resonator is
denoted by 1, the receiving resonator (RX) by 2, the relay res-
onator, placed between the TX and the RX resonators, is
denoted by 3. It is assumed that the three coils are synchron-
ous and resonate at the angular frequency v0.

The symbols defined in Table 2 are used for the analysis.
For each resonator, the loss resistance is denoted by Ri and
the unloaded quality factor by Qi. The external quality
factors of the TX and RX resonators are indicated by QG

and QL, respectively, while the corresponding loaded quality
factors are indicated by Q1T and Q2T. The coupling coefficient

between coils i and j is denoted by kij; it is assumed that only
adjacent coils are coupled, i.e. only k13 and k32 are different
from zero, while k12 ¼ 0. The reactance of the inductor at
the receiving side, X0 = v0 L2, is used for normalization.
The parameters nij represent the transformation ratios.
Finally, the symbols xij, x1T3, and x32T are also introduced,
in order to alleviate the notation.

In this paper, the following problems will be considered
and solved.

† CASE A – Assuming that the parameters of the link (and
therefore the couplings k13 and k32) are given, find the
optimal values of RG and RL for maximizing the gains of
the network.

† CASE B – Assuming that the load and the generator
impedances are given, try to maximize the gains of the
two-port network by acting either on the receiving side
(i.e. by optimizing k32) or on the transmitting side (i.e. by
optimizing k13).

All the above cases may include, or may not, a communi-
cation between the TX and the RX in the optimization phase.

1) impedance matrix of a three-coil link

At the operating angular frequency v0, the equations for the
three-coil link are

V1 = R1I1 + jv0M13I3,

V2 = R2I2 + jv0M32I3,

0 = jv0M13I1 + jv0M32I2 + R3I3 .

(26)

From (26), making use of the definition reported in Table 2,
the following expressions can be derived for the parameters
of the link impedance matrix:

z11 = r11 =
X0n2

12

Q1
x2

13 + 1
( )

,

z12 = z21 = r12 = X0n12������
Q1Q2

√ x13x32,

z22 = r22 =
X0

Q2
x2

32 + 1
( )

.

(27)

It can be noted that all the elements of the impedance
matrix are real.

2) input and output resistances

Since the terminating impedances are assumed to be purely
resistive, also the input and output impedances of the three-

Fig. 3. Schematic of the WPT link with one relay element.

Table 2. Definitions.

X0 ¼ v0L2
nij =

���
Li

Lj

√
kij =

Mij�����
LiLj

√
Qi =

v0Li

Ri
QG = v0L1

RG
QL = v0L2

RL

Q1T = Q1QG

Q1 + QG
Q2T = Q2QL

Q2 + QL

xij =
������
QiQj

√
kij x1T3 =

��������
Q1T Q3

√
k13 x32T =

��������
Q3Q2T

√
k32
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coil link are real. From (27), by means of (3) and (5), their
expressions can be derived as

Rin = X0n2
12

Q1

x2
13 + x2

32T + 1

x2
32T + 1

, (28)

Rout =
X0

Q2

x2
1T3 + x2

32 + 1

x2
1T3 + 1

. (29)

3) conjugate image impedances

As previously stated, since all the terms of the impedance
matrix of a three-coil WPT link are purely real, the conjugate
image impedances are simply the image resistances, and can
be derived by (18) and (19) as:

Zc1 = Ri1 = X0n2
12

Q1

�����������������������������
x2

13 + 1
( )

x2
13 + x2

32 + 1
( )
x2

32 + 1

√√√√
, (30)

Zc2 = Ri2 = X0

Q2

�����������������������������
x2

32 + 1
( )

x2
13 + x2

32 + 1
( )
x2

13 + 1

√√√√
. (31)

4) power gain, available gain, and

transducer gain

The expressions of the gains for a three-coil WPT link can be
calculated by substituting (27) in the general expressions sum-
marized in Table 1. For the power gain, the following expres-
sion can be obtained:

GP =
x2

13x
2
32T

x2
13 + x2

32T + 1
( )

x2
32T + 1

( ) Q2T

QL
. (32)

The expression of the available gain is:

GA = Q1T

QG

x2
1T3x

2
32

x2
1T3 + 1

( )
x2

1T3 + x2
32 + 1

( ) . (33)

Finally, the expression of the transducer gain is:

GT = Q1T

QG

4x2
1T3x

2
32T

x2
1T3 + x2

32T + 1
( )2

Q2T

QL
. (34)

B) CASE A: optimal load impedance for a
three-coil link
According to the results obtained for a generic two-port
network, the power gain GP is maximized for RL ¼ Ri2 given
by (31), the available gain GA is maximized for RG ¼ Ri1

given by (30), and the transducer gain GT is maximized for
RG ¼ Ri1 and RL ¼ Ri2. When the previous conditions are sat-
isfied, the tree gains assume the same maximum value, which
can be expressed as

GM =

���������������
x2

13 + x2
32 + 1

√ −
����������������������
x2

13 + 1
( )

x2
32 + 1

( )√[ ]2

x2
13x

2
32

. (35)

As per the transducer gain, if the load resistance is fixed, its
maximum w.r.t. RG is obtained when RG ¼ Rin given by (28),
and is equal to GP given by (32). Analogously, if the generator
resistance is fixed, the maximum of GT w.r.t. RL is obtained
when RL ¼ Rout given by (29), and is equal to GA given by (33).

C) CASE B: optimizing a three-coil link when
the source and the load are given
In most cases of practical interest, the source and the load are
given and can not be freely selected to maximize the perform-
ance of the link.

In these cases, the parameters of the link have to be used for
maximizing the performance. In this regard, a viable solution
is to act on the couplings of the relay element with the primary
and the secondary resonators. In particular, one of the two
couplings could be used for satisfying the requirement on
the transfer distance and the other one to maximize the per-
formance of the link. Accordingly, two different scenarios
are of interest:

† it is possible to use k13 to satisfy the requirement on the
transfer distance and to act on the receiving side by modi-
fying the magnetic coupling k32 to maximize the
performance;

† it is possible to use k32 to satisfy the requirement on the
transfer distance and to act on the transmitting side by
modifying the magnetic coupling k13 to maximize the
performance.

1) optimizing the coupling between relay

and receiving coil

Assuming that k13 is set according to the requirement on the
distance to be covered by the link, the possibility to act on k32

to maximize the performance in terms of one of the three
gains of the network is investigated.

Power gain
The value of k32 which maximizes GP (i.e. the efficiency of

the link) is obtained by equating to zero the derivative of (32)
w.r.t. k32:

kGP
32 =

��������
x2

13 + 14
√
��������
Q2T Q3

√ . (36)

It can be easily verified that the results expressed in (36) is
equivalent to that given in equation (25) of [27]. For k32 = kGP

32
the value of GP becomes

GM
P32 =

1 − ��������
x2

13 + 1
√( )2

x2
13

Q2T

QL
. (37)

This solution is physically realizable for kGP
32 , 1, i.e.:

Q2T .

��������
x2

13 + 1
√

Q3
. (38)
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According to (38), it is possible to maximize GP by acting on
the receiving side only if QL is not too small, this being equiva-
lent to require that RL is smaller than a value which depends
on k13. In more detail, the upper value of RL decreases with k13;
hence, for a given RL the maximization of GP as function of k32

may become unfeasible for high values of k13.
Additionally, it can be verified that in (37) the first factor is

the maximum value of GP for the two-coil link formed by
resonators 1 and 3 (see the Appendix), while the second
factor is the efficiency of resonator 2. This means that optimiz-
ing GP by setting k32 = kGP

32 is equivalent to use resonator 2 for
realizing a matching network, which transforms the load RL

into the reflected resistance

RR,out =
v0M32
( )2

RL + R2
=

X0n2
32

Q3

��������
x2

13 + 1
√

, (39)

corresponding to the image resistance Ri2 of the link formed
by resonators 1 and 3.

Available gain
The derivative of the available gain w.r.t. k32 is zero only for

k32 ¼ 0, which means that it is not feasible to analytically
maximize also the available gain for a given k13: GA keeps
growing as k32 increases.

Transducer gain
The value of k32, which maximizes the transducer gain, can

be calculated by equating to zero the derivative of (34) w.r.t. k32:

kGT
32 =

����������
x2

1T3 + 1

Q2T Q3

√
. (40)

When k32 is set according to (40), GT assumes the value:

GM
T32 = Q1T

QG

x2
1T3

x2
1T3 + 1

Q2T

QL
. (41)

It is worth observing that, by measuring the power on the
load, it is possible to perform experimentally this optimization
without communication with the transmitting side. The value
of k32 expressed in (40) is physically realizable (i.e. kGT

32 , 1)
for:

Q2T .
x2

1T3 + 1

Q3
. (42)

Accordingly, by acting on the receiving side, it is possible to
maximize GT for values of Q2T satisfying (42), this corre-
sponding to impose an upper limit to RL. As evident from
(42), the upper limit on RL depends on k13 and lowers for
increasing values of k13. Consequently, for a given RL the solu-
tion may become unfeasible for high values of k32.

It can also be observed that the expression (41) of GM
T32 can

be interpreted as the product of the maximum transducer gain
of the two-coil link formed by resonators 1 and 3 w.r.t. its load
resistance (see the Appendix), and the efficiency of resonator 2.

This means that the coupled resonators 2 and 3 act as a
lossy matching network, which transforms the load resistance
RL into the reflected resistance:

RR,out =
v0M32
( )2

RL + R2
=

X0n2
32

Q3
x2

1T3 + 1
( )

, (43)

which is equal to the output resistance of the two-coil link
formed by resonators 1 and 3. Hence kGT

32 realizes the power-
matching condition at the output port of the link formed by
coils 1 and 3. However, it can be noted that in these condi-
tions, the output port impedance of the three-coil link is not
matched. In fact, for k32 = kGT

32 it results

Rout = X0
2

Q2
+ 1

QL

( )
= RL + 2R2 , (44)

hence Rout becomes equal to the load resistance only if the RX
resonator losses tend to zero. Nevertheless, the non-optimal
power transfer at the output port is compensated by the
optimal transducer gain of the first two-coil link. As a result,
in these conditions, the best three-coil link which can be rea-
lized by simply varying k32 is obtained.

2) optimizing the coupling between relay

and transmitting coil

In this case, it is assumed that k32 is set to satisfy the require-
ment on the distance to be covered by the link, and the possi-
bility to use k32 to maximize the performance in terms of the
three gains of the two-port network is investigated.

Power gain
The derivative of the power gain w.r.t. k13 is zero only for

k13 ¼ 0, hence GP keeps growing as k13 increases. As a conse-
quence, it is not feasible to maximize GP by acting on the
transmitting side, while keeping constant k32.

Available gain
For a given value of k32, the available gain GA can be opti-

mized for

kGA
13 =

��������
x2

32 + 14
√
��������
Q1T Q3

√ . (45)

The corresponding maximum value of GA is:

GM
A14 =

Q1T

QG

1 − ��������
x2

32 + 1
√( )2

x2
32

. (46)

The solution expressed in (46) is physically realizable for
kGA

13 , 1, which requires:

Q1T .

��������
x2

32 + 1
√

Q3
. (47)

Hence, similarly to GT with varying k32, it is possible to
maximize GA by acting on the transmitting side only if RG is
not too large. The upper value of RG decreases with k32 and
kGA

13 may become physically not realizable for high values of k32.
It is worth noticing that in (46), the first factor is the effi-

ciency of the resonator 1, while the second factor is the
maximum value of GA for the two-coil link formed by
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resonators 3 and 2 (see the Appendix for the expression of GA

for a two-coil link).
Accordingly, it can be seen that for k13 = kGA

13 the coupled
resonators 1 and 2 transform the generator resistance RG into
the reflected resistance

RR,in =
v0M13
( )2

RG + R1
=

X0n2
32

Q3

��������
x2

32 + 1
√

, (48)

which is equal to the image resistance Ri1 of the link formed by
resonators 2 and 3.

Transducer gain
The derivative of (34) with respect to k13 is zero for

kGT
13 =

����������
x2

32T + 1

Q1T Q3

√
, (49)

giving the following value of the transducer gain

GM
T13 = Q1T

QG

x2
32T

x2
32T + 1

Q2T

QL
. (50)

It is noted that, also in this case, the optimization can be
performed without communication with the receiving side.
In fact, for constant values of k32 and RL, GP is also constant
and, according to (34), in order to maximize GT it is necessary
to maximize Pin.

The feasibility of the solution expressed in (49) imposes:

Q1T .
x2

32T + 1

Q3
. (51)

This means that by acting on the transmitting side, it is
possible to maximize GT for values of Q1T satisfying (51),
this being equivalent to impose an upper limit to RG. In
more detail, the upper limit on RG depends on k32 and
lowers for increasing values of k13; hence, for a given value
of RL, the possibility of maximizing GT by acting on k13

depends on k32.
It is worth noticing that the expression (50) of GM

T,13 can be
interpreted as the product of the efficiency of resonator 1 and
the maximum transducer gain of the two-coil link formed by
resonators 3 and 2 w.r.t. its load resistance (see the Appendix
for the expression of GT for a two-coil link).

Accordingly, the coupled resonators 1 and 3 transform the
RG into the reflected impedance

RR,in =
v0M13
( )2

RG + R1
=

X0n2
32

Q3
x2

32T + 1
( )

, (52)

which is equal to the input resistance of the link formed by
resonators 3 and 2. This means that kGT

13 realizes the power-
matching condition at the input port of the link formed by

coils 3 and 2. As in the previous case, it can be noted that in
these conditions, the input port impedance of the three-coil
link is not matched. In fact, for k13 = kGT

13 it results

Rin = X0n2
12

2
Q1

+ 1
QG

( )
= RG + 2R1 , (53)

hence Rin becomes equal to the generator resistance only if the
TX resonator losses tend to zero.

3) discussion on the results

The analyses performed in the previous section show that:

† By keeping fixed the coupling factor between the transmit-
ter and the relay element k13, it is possible to vary k32 to
optimize the efficiency (i.e. GP) and the power on the
load (i.e. GT) provided that the conditions expressed in
(38) and in (42) are satisfied, while it is not possible to opti-
mize the available gain GA.

† By keeping fixed the coupling factor between the relay
element and the receiver k32, it is possible to vary k13 to
optimize the power on the load and the available gain GA

provided that the conditions expressed in (51) and in
(47) are satisfied, while it is not possible to optimize the
efficiency.

It should be pointed out that, since in neither case it is pos-
sible to optimize both the available and the transducer gain,
only local maxima of the transducer gain, and consequently
of the output power, can be achieved. In order to overcome
these limitations, it is appropriate to investigate the behavior
of a WPT link with two relay elements.

Additionally, according to the expressions (37), (41), (46),
(50) of the maximized gains, it can be concluded that case B is
equivalent to consider the problem of the cascade of two links:
one with a variable coupling (i.e. the one formed by resonator
3 and either resonator 1 or 2) and one with a fixed coupling
(i.e. the one formed by resonator 3 and either resonator 2
or 1). The link with a variable coupling is used as a matching
network, where the variable coupling is exploited in order to
maximize one of the gains of the link with fixed coupling.
Accordingly:

† When the goal is to maximize GT, the optimum value of the
variable coupling is the one which realizes the power-
matching condition at either the input or the output
ports of the fixed link.

† When the goal is to maximize GA or GP, the optimum value
of the variable coupling is the one which realizes, for the
fixed link, its conjugate image impedance at either the
input (maximization of GA) or output port (maximization
of GP).

V . N U M E R I C A L V E R I F I C A T I O N

In order to verify the theory reported in the previous sections,
circuital simulations have been performed with the

Table 3. Data of the coils.

f0 (MHz) RG (V) RL (V) L1 (mH) L2 (mH) L3 (mH) C1 (pF) C2 (pF) C3 (pF) Q1 Q2 Q3 k13 k32

13.56 10 5 0.9 0.4 0.4 153.07 344.40 344.40 255 177 177 0.2 0.22
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commercial tool NI AWR design environment. The value
assumed for the coils are reported in Table 3 and were
taken from [27] (see Table 2).

First of all, simulations were performed in order to verify
that it is possible to maximize all the three gains by setting
RG ¼ Ri1 and RL ¼ Ri2. To this end, simulations were
performed:

† by setting RG = Ri1 = 18.9V and by varying RL (see Fig. 4a),
† by setting RL = Ri2 = 10.2V and by varying RG (see Fig. 4b).

It can be seen that circuital simulations confirm the theory;
in fact, the three gains are maximized for RG ¼ Ri1 and RL ¼

Ri2. It can be also seen that for RG ¼ Ri1 and RL ¼ Ri2, the
gains assume the same value: GT ¼ GA ¼ GP ¼ GM ¼ 0.93.
Additionally, as expected, GA is independent of RL while GP

is independent of RG. As per GP, the dependence on both
RG and RL is highlighted in Fig. 5.

Later on, simulations were performed by varying the values
of k13 and k32. The results obtained this way for GP, GT, and
GA are given in Figs 6–8. According to the theoretical analysis,

it can be seen that for a given value of k13, GP and GT can be
maximized by an appropriate selection of the value of k32,
while it can be seen that GA keeps growing as k32 increases.

In the same figures, it is also evident that by acting on k13

for a given value of k23 it is possible to maximize GT and GA,
while GP continues to increase as k13 increases. The same
behavior can be observed in Figs 9–11, where the results cal-
culated for RG = 5V and RL = 200V are reported. The
intrinsic limits of the three-coil configuration are particularly
evident in Fig. 10, where it can be seen that for k32 lower than
0.2 very low values of GP are obtained for any value of k13. By
comparing Figs 7 and 10, it can be also seen that, according to
(38), for a given value of k13 the value of k32 which allows

Fig. 4. Results obtained from circuital simulations for GT, GP, and GA by
varying: (a) the value of RL for RG ¼ Ri1, (b) the value of RG for RL ¼ Ri2.
The values assumed for k13 and k32 are 0.2 and 0.22, respectively.

Fig. 5. Results obtained from circuital simulations for GT by varying RG and
RL. The values assumed for k13 and k32 are 0.2 and 0.22, respectively.

Fig. 6. Results obtained from circuital simulations for the available gain GT by
varying the values of k13 and k32. The values assumed for RG and RL are 10V
and 5V, respectively.
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maximizing GP increases with RL. In particular, according to
(38), for the case analyzed in Fig. 10 (i.e. RG = 5V and
RL = 200V), the value of k32 which allows maximizing GP

is not physically realizable for k13 .0.14.
It is worth observing that the ratio between the transducer

gain and the power gain is an indicator of the level of
matching at the input port of the network with respect to
the generator with internal resistance RG; in fact, GT/GP is
the portion of the power available from the generator that is
transferred to the network:

GT

GP
= Pin

PAG
. (54)

Similarly, the ratio between the transducer gain and the
available gain is an indicator of the level of matching at the
output port of the network with respect to the load RL; in
fact, GT/GA is the portion of the maximum available load
power which is delivered to the given load RL:

GT

GA
= PL

PA
. (55)

The results obtained by circuital simulations are given in
Figs 12–15; in more detail, Figs 12 and 13 refer to
RG = 10V and RL = 5V, while Figs 14 and 15 refer to
RG = 5V and RL = 200V.

From these figures, it can be seen that the dependence of
GT/GP and GT/GA on the couplings k13 and k23 is the same

Fig. 8. Results obtained from circuital simulations for the available gain GA by
varying the values of k13 and k32. The values assumed for RG and RL are 10V
and 5V, respectively.

Fig. 7. Results obtained from circuital simulations for the available gain GP by
varying the values of k13 and k32. The values assumed for RG and RL are 10V
and 5V, respectively.

Fig. 9. Results obtained from circuital simulations for the available gain GT by
varying the values of k13 and k32. RG = 5V and RL = 200V.

Fig. 10. Results obtained from circuital simulations for the available gain GP

by varying the values of k13 and k32. RG = 5V and RL = 200V.
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calculated for GT; in fact, in order to maximize the power
delivered to the load, it is necessary to maximize both GT/
GP and GT/GA.

Finally, for the sake of comparison with [27], in Fig. 16, the
results achieved in using k32 to keep the power gain to its
maximum value while the load is varying are reported. The
figure shows the data provided by the analytical formulas
for kGP

32 as function of the load resistance RL; the correspond-
ing GP is also reported. It can be easily verified that the results
reported in Fig. 16 are in agreement with those reported in
Fig. 5b of [27]. According to (38), by adjusting the value of
k32 it is possible to maintain GP to its maximum value for
values of RL satisfying the following relation:

RL , R2
Q2 Q3��������
x2

13 + 1
√ − 1

( )
, (56)

which, for the analyzed case, leads to an upper limit for RL of
about 935V. In Fig. 16, the results obtained from circuital
simulations and validating the theory are also reported.

Similar considerations are valid with regard to the use
of k13 to keep the available gain to its maximum value while
the generator impedance RG is varying. The data calculated
from analytical formulas for kGA

13 as function of RG are given
in Fig. 17 and compared with circuital simulation results.

According to (47), by varying the value of k13 it is possible
to maintain GA to its maximum value for values of RG below

Fig. 12. Results obtained from circuital simulations for the ratio between the
transducer gain GT and the power gain GP by varying the values of k13 and k32.
Results obtained for RG = 10V and RL = 5V.

Fig. 13. Results obtained from circuital simulations for the ratio between the
transducer gain GT and the available gain GA by varying the values of k13 and
k32. Results obtained for RG = 10V and RL = 5V.

Fig. 11. Results obtained from circuital simulations for the available gain GA

by varying the values of k13 and k32. Results obtained for RG = 5V and
RL = 200V.

Fig. 14. Results obtained from circuital simulations for the ratio between the
transducer gain GT and the power gain GP by varying the values of k13 and k32.
Results obtained for RG = 5V and RL = 200V.
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the upper limit expressed by:

RG , R1
Q1 Q3��������
x2

32 + 1
√ − 1

( )
, (57)

which, for the present case, is equal to about 3821V.

V I . C O N C L U S I O N

The problem of magnetic resonant WPT between one trans-
mitter and one receiver coupled through a relay element has
been considered from a rigorous network viewpoint. Given
the network parameters, the problem of maximizing the per-
formance of the network has been analytically solved. In more
detail, the link performance has been described by using the

standard gain definitions available for a two-port network:
power, available, and transducer gain. It has been shown
that the definition usually adopted in the WPT context for
the efficiency is equivalent to the power gain of the network
and that, for given values of the available power of the gener-
ator, maximizing the power on the load is equivalent to maxi-
mize the transducer gain.

For the analyzed case, it has been shown that the impedance
matrix is purely resistive and, as a consequence, the conjugate
image impedances are simply the image resistances.
Accordingly, in the case of given parameters of the link it has
been shown that it is possible to maximize all the gains by
setting the generator and the load impedance equal to the
image resistances of the network. As per the case where
the load and the source are given, one of the couplings (e.g.
the coupling between the transmitter and the relay element
or the coupling between the relay element and the receiver)
can be set in order to satisfy the requirement on the distance
to be covered by the link and the other one can be optimized
to maximize one of the three network gains. However, the
results reported in this paper demonstrate that the possibility
of analytically maximizing the available gain and the power
gain depends on which of the two couplings of the relay
element, the one with the transmitter or the one with the
receiver, is considered as a degree of freedom.

In particular, from analytical formulas and circuital simu-
lations, it has been shown that when the coupling between the
transmitter and the relay element is fixed, it is not possible to

Fig. 15. Results obtained from circuital simulations for the ratio between the
transducer gain GT and the available gain GA by varying the values of k13 and
k32. Results obtained for RG = 5V and RL = 200V.

Fig. 16. Results obtained for kGP
32 and the corresponding GP as function of RL.

The value assumed for k13 is 0.03. The figure shows a comparison between data
provided by the analytical formulas and the results obtained by circuital
simulations.

Fig. 17. Results obtained for kGA
13 and the corresponding GA as function of RG.

The value assumed for k32 is 0.1. The figure shows a comparison between data
provided by the analytical formulas and the results obtained by circuital
simulations.

Fig. 18. Schematic representation of a two-coil WPT link.
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maximize the available gain GA, which keeps growing for
increasing values of the coupling between the relay element
and the receiver. Similarly, for a given value of the coupling
between the relay element and the receiver, it has been
shown that it is not possible to find the absolute maximum
of the efficiency (i.e. the power gain GP). In fact, GP increases
for increasing values of the coupling between the relay element
and the transmitter.

Since, in order to achieve the maximum transducer gain,
and consequently the maximum output power, it is necessary
to maximize both the available and the power gain, only a
local maximum can be obtained for GT by using just one
relay element.
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√
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Q1T = Q1QG
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Q2T = Q2QL

Q2 + QL
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������
Q1Q2

√
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Q1T Q2

√
k12 x12T =
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√
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A P P E N D I X : E X P R E S S I O N S O F
T H E G A I N S F O R A T W O - C O I L
W P T L I N K

In this section, the expressions of the three gains for a two-coil
WPT link are briefly recalled. It is assumed that the link,
which is depicted in Fig. 18, is fed by a sinusoidal voltage gen-
erator VG with internal resistance RG and is connected to a
load resistance RL. The symbols defined in Table 4, which
have similar meanings to those defined for the three-coil
case, are used in the analysis.

The equations for the two coils are given by

V1 = R1I1 + jv0M12I2,

V2 = jv0M12I1 + R2I2.
(A.1)

Hence, making use of the definitions reported in Table 4,
the elements of the impedance matrix of the two-coil link
can be expressed as

z11 = r11 = X0n2
12

Q1
, (A.2)

z12 = z21 = jx12 = j
X0n12������

Q1Q2
√ x12, (A.3)

z22 = r22 = X0

Q2
. (A.4)

If the terminating impedances are assumed to be purely
resistive, the input and output impedances provided by (3)
and (5) are also resistive, and can be expressed as

Rin = X0n2
12

Q1
x2

12T + 1
( )

, (A.5)

Rout =
X0

Q2
x2

1T2 + 1
( )

. (A.6)

Since z11 and z22 are real, while z12 and z21 are imaginary, the
conjugate image impedances of the two-coil link reduce to the
image resistances, and can be computed by (18) and (19) as

Ri1 =
X0n2

12

Q1

��������
x2

12 + 1
√

, (A.7)

Ri2 = X0

Q2

��������
x2

12 + 1
√

. (A.8)

Making use of the general formulas reported in Table 2, it is
possible to derive the expressions of the power gain

GP = x2
12T

x2
12T + 1

Q2T

QL
, (A.9)

of the available gain

GA = Q1T

QG

x2
1T2

Q2
1T2 + 1

, (A.10)

and of the transducer gain

GT = Q1T

QG

4x2
1T2T

x2
1T2T + 1

( )2
Q2T

QL
. (A.11)

The three gains are maximized when RG ¼ Ri1 and RL ¼

Ri2. In these conditions, the common value of the gains is

GM =
1 − ��������

x2
12 + 1

√( )2

x2
12

. (A.12)

In addition, the following considerations can be made:

† for a fixed given RL, the maximum of GT w.r.t. RG is
obtained when RG is equal to the input resistance (A.5),
and in these conditions, the trasducer gain becomes equal
to the power gain (A.9);

† for a fixed given RG, the maximum of GT w.r.t. RL is
obtained when RL is equal to the output resistance (A.6),
and in these conditions, the trasducer gain becomes equal
to the available gain (A.10).
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