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Abstract

In this paper, a concise and universal method to calculate the maximum RF (radio frequency)
power transfer efficiency between arbitrary multiple transmitters and multiple receivers wireless
power transfer (MIMO-WPT) system is presented. The method is based on maximum Rayleigh
quotient which can be deduced either from the multi-port impedance matrix Z or from the
multi-port scattering matrix S. Moreover, without any limitation on the transmitting/receiving
element’s geometry, numbers, operating frequency, coupling method, and so on, the approach
is capable to evaluate both the transfer efficiency and the maximum transfer efficiency (MTE) of
any type of transmitting and receiving elements, and to obtain the optimum impedances for all
transmitting or receiving ports as well. At the end of this paper, the MTEs of some typical
MIMO-WPT systems will be calculated to validify the proposed method, and the effectiveness
against the receiver’s misalignment by using multiple transmitters will be demonstrated.

Introduction

The wireless power transfer (WPT) technology has been developed rapidly because it has
broad potential applications to all electronic devices which inevitably need electrical power.
The transfer efficiency between the transmitting element (or antenna) and receiving element
(or antenna) is a very important factor in evaluating the transfer efficiency of the electromag-
netic energy or radio frequency (RF) energy. This efficiency is also called as RF-to-RF effi-
ciency in a WPT system. In the previous researches, most approaches focused on the
maximum transfer efficiency (MTE or ηmax) for the single transmitting element and single
receiving element (SISO-WPT) [1–5]. In [2, 3], a universal approach to evaluate the MTE
for SISO-WPT was deduced perfectly by using S or Z parameters from the ports’ conjugated
impedance matching condition. The method proposed in [2, 3] can be applied to arbitrary
transmitting/receiving elements at the arbitrary operating frequency.

However, delivering power from multiple transmitters to multiple receivers (MIMO-WPT)
has many attractive advantages and more useful to practical applications. For example, using
more than one transmitter provides a unique capability of focusing energy toward the target
receivers, resulting in robustness against many kinds of misalignments mainly caused by
mobile receivers. Consequently, more and more researches have focused on MIMO-WPT sys-
tem [6–14]. In [10], the maximum achievable transfer efficiency of the MIMO system based on
Rayleigh quotient by using S-parameters has been described, but the maximum efficiency,
optimal input currents and loads have not been explicitly formulated, and there was no prac-
tical WPT example to confirm their theory.

Recently, the MTE for single-input multiple-output (SIMO) IPT (Inductive Power
Transfer) system operating at a single frequency was presented in [11] based on the deviation
deduction mathematical theory, and also was extended to calculate the MTE for MIMO IPT
[12]. In [13], the authors presented the mathematical expressions of maximum RF-to-RF effi-
ciency, optimal input currents, and loads for the MIMO system with arbitrary numbers of
coils. However, the method in [12, 13] is limited to the case of inductive coils, not a universal
one. It is because the approach in [12, 13] used the following Z matrix as

Z = RTT + jXTT jXRT

jXTR RRR + jXRR

[ ]
, (1)

where RTT, XTT are the block matrices representing the self/mutual resistances and self/mutual
reactances between the transmitters, respectively. Similarly, RRR, XRR are the block matrices
representing the self/mutual resistances, self/mutual reactances between the receivers, respect-
ively. XRT and XTR are the block mutual reactance matrices between the transmitters and
receivers.
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The real parts of the mutual impedances between the transmit-
ters and receivers are neglected in equation (1). However, gener-
ally, the mutual impedance has the real part RRT or RTR as shown
in (6). The mutual impedances expressed in (1) are approximately
applicable to the coil cases where the imaginary part of the
mutual reactance is much larger than the real part.

In [14], the real part of the mutual impedance was included
and the expressions for MTE was deducted based on the deviation
deduction mathematical theory. Now, in this paper, the approach
based on the Rayleigh quotient to obtain the achievable MTE is
developed. The Rayleigh quotient in this paper can be formulated
not only by impedance matrix Z but also by scattering matrix S.
The great advantage over the previous approaches in [11–14] is
that the derivation process for MTE is much more concise and
clearer. Moreover, the optimal source or load impedances for
achieving the MTE are successfully deduced based on the imped-
ance matrix Z.

The important contributions of this paper are the following.

(1) The transfer efficiency of an arbitrary MIMO-WPT system is
expressed simply as the Rayleigh quotient which can be con-
structed not only by the impedance matrix Z but also the
scattering matrix S with the very clearly derivation process.
Accordingly, the achievable MTE of MIMO-WPT is obtained
by solving the maximum eigenvalue of the generalized
Rayleigh quotient problem.

(2) The optimal sources and load impedances for achieving the
MTE are formulated by using the eigenvector corresponding
with the maximum eigenvalue.

(3) The MTEs of several typical examples including SISO-WPT
and MIMO-WPT models are calculated to validate the effect-
iveness of the proposed approach. Particularly, the MTE of
SISO is compared with that obtained by our previous method
[2, 3].

(4) As a practical application, the misalignment effect on MTEs is
investigated for both one transmitter and multiple transmit-
ters to confirm the effectiveness of using multiple transmitters
against the receiver’s misalignment.

The remainder of this paper is organized as follows: in section
“Formulations of MTE for arbitrary MIMO-WPT system”, the
MIMO WPT system will be introduced and the RF-to-RF MTE
will be formulated by using Z-parameter matrix or S-parameter
matrix based on the Rayleigh quotient; in section “Validation of
the proposed approach”, the effectiveness and flexibility of the
proposed universal approach will be demonstrated by applying
to serval typical MIMO-WPT examples; in section “Against mis-
alignment with using multipole transmitters”, to confirm the
effectiveness of using multiple transmitters against the receiver’s
misalignment, the effect on MTE from longitudinal and lateral
misalignments of the receiver for 1 × n dipole SISO-WPT, 3 × I
dipole MISO-WPT (Multipole Input Single Output), 1 × d loop
SISO-WPT, and 3 × l loop MISO-WPT will be investigated by
using the proposed method. Finally, the conclusions are presented
in section “Conclusion”.

Formulations of MTE for arbitrary MIMO-WPT system

By impedance Z matrix

A typical M ×N MIMO-WPT system with M transmitters and N
receivers is shown in Fig. 1.

The voltages and currents at M transmitting ports and N
receiving ports have the relationship as expressed by

VT = ZTTIT + ZTRIR, (2)

VR = ZRTIT + ZRRIR. (3)

In (2) and (3), VT, VR are the M transmitting ports’ voltage
vector and the N receiving ports’ voltage vector, respectively.
While IT, IR are the M transmitting ports’ current vector and
the N receiving ports’ current vector, respectively. ZTT, ZTR, ZRT,
ZRR are the M ×M self-impedance matrix among the M transmit-
ters, M ×N mutual-impedance matrix, N ×M mutual-impedance
matrix between the receivers and the transmitters, and N ×N self-
impedance matrix among the N receivers, respectively. Certainly,
(2) and (3) can be expressed simply in matrix style as

V = ZI, (4)

where, V and I are theM +N voltage vector and current vector for
all transmitting and receiving ports, that is

V = VT

VR

[ ]
, I = IT

IR

[ ]
, (5)

Z is the (M +N ) × (M +N ) impedance matrix which is

Z = ZTT ZTR

ZRT ZRR

[ ]
= RTT + jXTT RTR + jXTR

RRT + jXRT RRR + jXRR

[ ]
. (6)

It should be noted that equation (6) is different to equation (1).
Equation (6) includes the real parts RTR and RRT in the mutual
impedance block matrix without any approximation, but equation
(1) did not. Accordingly, the mathematical process for deducing
MTE without RTR and RRT in [14] is different from that carried
out in [13].

The power transfer efficiency η is the ratio of the output power
Pout over the input power Pin, that is

h = Pout
Pin

, (7)

where, Pout and Pin represent the total power consumed at all
receiving ports and the total transmitting power at all transmitting
ports, respectively. Pout and Pin can be obtained from the port

Fig. 1. A typical MIMO system with M transmitters and N receivers.
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voltage vector and the port current vector which are

Pin = 1
2
Re(IHT VT ), (8)

Pout = − 1
2
Re(IHR VR). (9)

Instituting equation (8) and equation (9) into equation (7),
then the transfer efficiency will be formulated as

h = −
IT
IR

[ ]H
0 Z∗

TR
ZRT 2RRR

[ ]
IT
IR

[ ]

IT
IR

[ ]H
2RTT ZTR

Z∗
RT 0

[ ]
IT
IR

[ ] (10)

In all equations and formulations in this paper, the superscript
( )T means matrix-transpose, ( )* means complex conjugate, and
( )H means complex conjugate-transpose, respectively.

According to equation (10), the transfer efficiency η is a scalar
function of current vectors IT and IR, and can be obtained if the
load impedance and Z impedance matrix are known. Usually,
the load impedance is depended on the receiving consuming
devices and can be known previously, while Z impedance matrix
also can be known if the operating frequency and the geometries
of all transmitting and receiving elements are decided. Z imped-
ance matrix can be obtained with very high accuracy either by
using numerical electromagnetic field simulation or by measuring
S parameters with a network analyzer.

Obviously, equation (10) can be transformed into the follow-
ing simple expression,

h = − IHAI
IHBI

(11)

where,

A = 0 Z∗
TR

ZRT 2RRR

[ ]
, (12)

B = 2RTT ZTR

Z∗
RT 0

[ ]
. (13)

The efficiency expressed in equation (11) is the generalized
Rayleigh quotient and has the maximum value ηmax because both
matrix A and matrix B are the Hermitian matrices. From the
matrix theory of generalized Rayleigh quotient, there exits the max-
imum value of Rayleigh quotient which is equivalent to the
maximum one among the following matrix’s generalized
eigenvalues,

AX = lBX, (14)

where λ is the eigenvalue which has M +N values in total. X is the
M +N eigenvector, and also totally hasM +N vectors related toM
+N eigenvalues. Without any approximation and additional
hypotheses for Z matrix and for the derivation processes of the
above efficiency η and ηmax, consequently, the proposed formula-
tion is the universal one, and can be applied to any type of

MIMO-WPT systems which have various combinations according
to the transmitters and receivers’ geometries, also has no limitation
on the operating frequency and coupling approach.

Because the MTE ηmax is equivalent to the maximum eigen-
value of equation (14), the corresponding eigenvector of the
maximum eigenvalue is the optimal current vector to be required
at each port for achieving the ηmax. If the corresponding eigenvec-
tors of the maximum eigenvalue are denoted by IT

E and IR
E, then the

optimum source impedance (Zs
opt)i of i

th transmitter port and the
load impedance (Zl

opt)j of j
th receiver port can be obtained by

(Zopt
s )i =

(ZTTIET )i + (ZTRIER)i
(IET )i

, (15)

(Zopt
l )j =

(ZRRIER)j + (ZRTIET )j
(IER)j

. (16)

The above formulations mean that the optimum impedances
for all transmitters’ ports and receivers’ ports now can be calcu-
lated from the current’s eigenvector corresponding to the max-
imum eigenvalue.

By scattering S matrix

As well known, the scattering S matrix also can express the multi-
port circuit’s properties of MIMO system as the above Z matrix
does. Instead of the voltage vectors and current vectors, the inci-
dent wave vectors AT with M elements at transmitting ports, AR

with N elements at receiving ports, reflected wave vectors BT
with M elements, BR with N elements have the following relation-
ship as

BT = STTAT + STRAR, (17)

BR = SRTAT + SRRAR. (18)

where, STT, STR, SRT, SRR are the M ×M block scattering matrix
among the M transmitters, M ×N transfer coefficient block
matrix from the N receivers to the M transmitters, N ×M transfer
coefficient block matrix from the M transmitters to the N recei-
vers, and N ×N block scattering matrix of the N receivers,
respectively.

Based on the power efficiency defined by equation (7), follow-
ing the similar mathematical deduction process as carried out in
the above subsection for Z matrix, finally, the following efficiency
formulation based on S parameters can be obtained as

h = −
AT

AR

[ ]H
S∗TRSRT S∗TRSRR
S∗RRSRT S∗RRSRR − ER

[ ]
AT

AR

[ ]

AT

AR

[ ]H
S∗TTSTT − ET S∗TTSTR

S∗RTSTT S∗RTSTR

[ ]
AT

AR

[ ] . (19)

ET and ER in equation (19) are theM ×M unit matrix and N ×
N unit matrix, respectively. As a result, the MTE in equation (19)
is still the maximum value of the other kind of Rayleigh quotient
which is expressed by scattering matrix S. Because the most recent
electromagnetic simulation software and the network analyzer
preferentially offer the S parameters, equation (19) is much
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more a direct way to obtain the efficiency and the maximum effi-
ciency compared with that by using Z matrix. However, to the
optimal feeding voltages or optimal load impedance, using the
Z matrix is much more simple and direct.

Validation of the proposed approach

SISO system

The structures in Figs 2 and 3 are two typical SISO systems with
one transmitter (Tx) and one receiver (Rx) as used in [3], dipole–
dipole pair represents the capacitive coupling, while loop–loop
pair represents the inductive coupling. In [3], the results demon-
strate the maximum efficiency by using the two-port impedance
matrix or scattering matrix which are obtained from the conjugate
matching condition at both the transmitting and the receiving
ports. In Fig. 2, both Tx and Rx are composed of a dipole with
the length of 0.1 wavelengths, while in Fig. 3, both Tx and Rx

are composed of a loop with the circumference of 0.1 wavelengths.
All wires of the transmitters and the receivers are made of
copper with a conductivity of 5.183 × 107 [S/m] and have the
same radius of 0.65 mm. The operating frequency is set to be
6.78 MHz.

The MTE versus the distance d between the transmitter and
the receiver is shown in Fig. 4. The MTE decreases when the
receiver moves away from the transmitter along the x-direction.
The MTE of two dipoles is larger than those of loop pair when
the distance d is the same. The results obtained by the proposed
approach are compared with the MTE obtained by our previous
approach [2, 3]. As shown in Fig. 4, it is observed that the two

MTEs obtained by two approaches agree with each other per-
fectly, confirming the maximum eigenvalue of the generalized
matrix in equation (14) is the maximum efficiency calculated by
our previous approach.

Fig. 2. Dipole pair (SISO system).

Fig. 3. Loop pair (SISO system).

Fig. 5. 2 × 2 MIMO-WPT system.

Fig. 6. 2 × 3 MIMO-WPT system.

Fig. 4. ηmax versus d.
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MIMO system (comparing with the optimal impedance
method)

In this sub-section, two MIMO WPT systems, one 2 × 2 MIMO
(Fig. 5) and one 2 × 3 MIMO (Fig. 6) are used to confirm the
validity of the proposed approach further. In order to confirm
the results obtained by the present method, the MTE will be add-
itionally calculated by using the optimal impedance method.
In the optimal impedance method, the efficiency is calculated
by using the ratio of the total receiving power over the total trans-
mitting power. The total receiving power and the total transmit-
ting power are directly calculated by using electromagnetic field
simulation software where the impedances of all transmitter and
receiver ports are loaded by the optimal ones which are obtained
by using the expressions (15) and (16).

As shown in Fig. 5, 2 × 2 MIMO-WPT system consists of two
loop transmitters and two loop receivers. Each loop has the same
circumference of 0.1 wavelengths where the operating frequency is
selected as 2 MHz. Certainly, the operating frequency can be the
arbitrary one which depends on the applications’ requirement.
All wires of loops are made of copper with a conductivity of
5.183 × 107 [S/m] and have the same radius of 0.5 mm. The two

transmitting loops are located at the same plane of z = 0, separated
by 10 m or 0.67 wavelengths each other along the y-axis. The
receiver loops are located at the plane of z = d, separated by 10
m or 0.67 wavelengths each other along the y-axis. Tx1 and Rx1
are coaxial along the z-axis and so are Tx2 and Rx2. d represents
the distance between the center of two transmitters and that of
two receivers.

While, the 2 × 3 MIMO-WPT model is shown in Fig. 6 where
there are two transmitters and three receivers. One transmitter is
the same loop as used in the 2 × 2 MIMO-WPT and the other
transmitter is 0.1 wavelength dipole. One receiver is also 0.1 wave-
length dipole and the other two receivers are the same loops as the
transmitter used. All transmitters are placed on the plane of z = 0
and all receivers locate at the plane of z = d. d also represents the
distance between the plane where the transmitters locate and the
plane where the receivers locate as shown in Fig. 6.

The mutual impedances of the 2 × 2 MIMO-WPT and the 2 × 3
MIMO-WPT are shown in Figs 7 and 8, respectively. Because the
symmetric structure of the 2 × 2 MIMO-WPT, z13 = z24, z14 = z23,
only z13, z14 are plotted in Fig. 7. Comparing with the dozens
mΩ real part of the mutual impedance of the 2 × 2

Fig. 7. Mutual impedances of 2 × 2 MIMO-WPT. (a) Real part. (b) Imaginal part.

Fig. 8. Mutual impedances of 2 × 3 MIMO-WPT. (a) Real part. (b) Imaginal part.
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MIMO-WPT, the 2 × 3 MIMO-WPT has one larger real part of
z15 as shown in Fig. 8. z15 is the mutual impedance between Tx1
(dipole) and Rx3(dipole) which represents the mutual impedance
of two dipoles and its value changes as the distance between the
dipoles changes, and even its real part can be a negative one as
shown in [15].

The MTEs versus the distance d is shown in Fig. 9 for both 2 × 2
MIMO-WPT and 2 × 3 MIMO-WPT. From Fig. 9, it is found that
ηmax is obtained by the proposed method based on the maximum
eigenvalue of equation (14) which is almost the same as that
obtained by using the optimal impedance method, again
confirming that our proposed approach for obtaining maximum
efficiency is still valid even for the above arbitrary MIMO-WPT
systems, particularly 2 × 3 MIMO-WPT is one candidate scenario
of the arbitrary MIMO-WPT system with both inductive and
captive coupling. From Fig. 9, it also can be observed that the effi-
ciency of the 2 × 3 MIMO-WPT drops less than that of the 2 × 2
MIMO-WPT when d increases. The reason for that may come
from using one more receiving element and using the combin-
ation of the inductive coupling of and capacitive coupling in
2 × 3 MIMO-WPT.

Additionally, the individual efficiency of each receiver of 2 × 2
MIMO-WPT system against the distance d is illustrated in Fig. 10
when the total efficiency reaches the maximum value. Because the
symmetrical location of the transmitters and the receivers, the
efficiencies of Rx1 and Rx2 are the same, and each of them is
half of the total maximum efficiency.

The individual efficiency of each receiver against the distance d
for 2 × 3 MIMO-WPT system is illustrated in Fig. 11 when the
total efficiency reaches the maximum one. Because the unsym-
metrical location of the transmitters and the receivers, the effi-
ciencies of three receivers are different. The dipole receiver
accepts the most of the power, nearly attains to 68% of the total
receiving power, and other two loop receivers absorb the remain-
ing receiving power with the same receiving efficiency.

Against misalignment with using multipole transmitters

As demonstrated in the above section, the proposed approach for
obtaining MTE of the MIMO-WPT system is a universal one,
without any limitation in coupling method, transmitter and recei-
ver’s geometry, transmitter and receiver’s number, operating fre-
quency, and so on. The proposed method enables to be applied
to lots of WPT system analysis, evaluation, and design. In this sec-
tion, the effect of the misalignments between the transmitters and
receivers on the maximum efficiency will be investigated for loop
coupling and diploe coupling WPT systems, demonstrating the
effectiveness of using multiple transmitters to prevent the effi-
ciency decrement caused by the misalignments.

The dipole WPT system is shown in Fig. 12, where all dipoles
have the same structure as that used in Fig. 2. The WPT system
shown in Fig. 12(a) consists of one transmitting dipole and one
receiving dipole (1 × 1 Dipole WPT), while that in Fig. 12(b) con-
sists of three transmitting dipoles and one receiving dipole (3 × 1
Dipole WPT). In Fig. 13, there are the Loop WPT systems.
Figure 13(a) is the 1 × 1 Loop WPT and Fig. 13(b) is the 3 × 1
Loop WPT where all loops have the same structures as that
used in Fig. 3.

The efficiencies of the dipole WPT and the loop WPT against
the distance d are shown in Fig. 14, where d represents the longi-
tudinal misalignment or the gap between the receiving element
and transmitting elements along the z-axis. The red dashed

Fig. 9. MTE versus d for MIMO systems.

Fig. 10. Each receiver’s efficiency of 2 × 2.

Fig. 11. Each receiver’s efficiency of 3 × 2.
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lines represent the efficiency when three transmitting elements are
used, but only the middle element is fed and the other two ele-
ments are used as the parasitic elements without feeding sources.
The blue lines represent the efficiency when three transmitting
elements are used and all elements have feeding sources. When
the receiving element is moved far away from the transmitting ele-
ments, the efficiencies in all cases are decreased. There is no sig-
nificant improvement in the efficiency when three transmitting
elements are used for loop WPT system. However, in the dipole
WPT case, the efficiency using three transmitting dipoles is a
bit higher than those of the other two cases.

The efficiencies of loop WPT and dipole WPT against the
distance s are shown in Fig. 15, where s represents the lateral
misalignment of the receiving element along the y-axis. Either
for the dipole case or for the loop case, using three elements
has improved the efficiency greatly, demonstrating that using
multiple transmitting elements is an effective way against the
lateral misalignment.

From the above simulation results for the two fundamental
misalignment scenarios, it is found that using multiple transmit-
ting elements can prevent the efficiency dropping caused by the
misalignment because more transmitting elements’ excitations

Fig. 12. Dipole MISO-WPT systems. (a) 1 × 1 Dipole WPT. (b) 3 ×
1 Dipole WPT.

Fig. 13. Loop MISO-WPT systems. (a) 1 × 1 Loop WPT.
(b) 3 × 1 Loop WPT.

Fig. 14. Efficiency of the MISO system with longitudinal
misalignment. (a) Dipole WPT system. (b) Loop WPT system.
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can be adjusted effectively to concentrate the power to the receiv-
ing element. But at the same time, it should be noted that the effi-
ciency improvement depends on the misalignment direction and
the transmitter or receiver’s structures as well, meaning that there
is an optimal WPT system structure against the misalignment.

Conclusion

In this paper, the efficiency of MIMO-WPT system has been
expressed by the Rayleigh quotient either from multi-port imped-
ance Z matrix or from scattering S matrix. Consequently, a very
concise and universal approach to calculate the power transfer effi-
ciency and also its maximum one has been presented successfully.
The effectiveness and flexibility of the new approach have been
demonstrated by calculating the MTEs of eight MIMO-WPT sys-
tems including four SISOs, one 2 × 2 MIMO, one 2 × 3 MIMO,
and two 3 × 1 MISOWPT systems. Moreover, it has been demon-
strated that using multiple transmitters is an effective way against
the receiver’s misalignment by investigating the misalignment on
the MTE of MISO-WPT by using the proposed method.
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